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CHAPTER ONE

LINEAR EQUATIONS IN TWO UNKNOWNS

1. Definition of Function - Function Notation.

One variable, say y, is a function'of a second variable,
say x, if and only if for iiErViTue of x there corresponds
one afid 'only one value of y. Denote y as a function of x
by y = f(x), read "y equals f of x". A corresponding pair
of values of x and y is written as an ordered pair (x,y).

Examples.

1.1 In the formula-C = 2wr, the circumference of
a circle C is a function of the radius r since
a given radius r corresponds to one and only
one circumference C. This function can be
denoted. as C = f(r) or f(r) = 2wr. If a value
of the radius is given, say 5 meters, then the
notation C = f(r) is changq to C = f(5) where
f(5) = 2 wv. 5 = lOw met s. Thus, the cir-
cumference lOw meters corresponds to a radius
of 5 meters forming the ordered pair (5,10w).

1.2 The correspondence between two variables s and
t given by s2 = 4t doeis not represent s as a
function of t because a value of t, say 25,
corresponds= to two values of s, namely -10
and 10.

1.3 In example 1.2, t is a function of s since for
each value of s there corresponds exactly one
value of b. Some corresponding pairs are (4,4),
(100,25) and (-14).

2. Linear Function.

The variable©y is a linear function of the variable x if
the difference between any two values of x divided into
theNdifference of the corresponding values of y is constant.
This functional relationship is expressed bY-an equation of
the form y = ax + b or f(x) = b where a and b are
constants.

V
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Examples.

2.1 The x and y values in the table below define
y as a linear function of x. The ratio of
the differences in corresponding values of
x and y is the constant 2.

11 - 9 2 3- 11 -8
e.g. = , = 2, etc:

4
The equation y = 2x + 3 for x = 0, 1, 2, 3, and 4

symbolizes this function.

X 0 1 2 3 4

Y 3 5 7 9 , 11

2.2.The table of values shown at the right
does not define s as a linear function
of t since not every ratio of differ-
ences in corresponding values of s and
t is the same; that is,
16 - 8 8 , , 36 - 24 12 ,
--T=7 i while -7 = 0.

a

2.3 The equations f(x) = 3x + 14, y = -14x,
~-i.../

s = -3t - 5, and p(t) 3 (p(t) 0 t + 3)
express a first variable as a linear function
of a second variable. ,

2.4, The equations y = 4x
2 - 2x, f(t) = 3t

4
, and

_ __.

s = It reptesent nonlinear_functions

Exercise- Set 1

1: Determine if y is a linear function of x from the given
table of values. Also, express each linear relation-
ship in equation form.

0

a. x 0 V 2
19.1

3 14 b. 314.10 20 4 30 140 1 50

y 0 13 I 6 12 y I 22 I 42 I 62 I 82 I 102

C. X -5 -4 -3 -2 -1 d. x 3 6 9 12 15

NM, 3

S
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12. Which of the following equations deft me a linear
- function?

-tt

2 260

b. e 10 - t I c. f(z) = z + 9

f. q = 3

.1, y -x

d. f(z) !A
2

9 c. p .. q

3. An automobile traveling a distancei tiof 600 kilometers
has an average speed v and time t iven by the equa-
tion V = 600/t. Is the relationphip between V and t
linear?

4. The Celsius (C) and Fahrenheit (F) temperature conversion
formula is C = 5/9(F - 32). Is the relationship between
Celsius and Fahrenheit temperature linear?

5. The formula V
1
= V

o
(1 + .00366T) is applied in the

study of expansion of gases. If Vo is a constant,
is V

1
a linear function of T?

3. Linear E cations in Two Unknowns - A Different form of

Linear Function.

The linear functionY *-2x/3 - 1/3 can be manipulated
algebraically to give 2x 3y = 1. The variable_y is
still considered a linear function of\x in-this new
equation form, called a linear equation in two unknowns.

In _general, -a-linear equation in two unknowns has the

is form ax +.y = c where a, b, and c are constants.
Examples of equations of this type are 3x + y = 7,

2m n = 0, 3y = 6, and 2t - 11-= 0.

A solution of a linear equation in two unknowns x and y

is an pair (xa) which makes the equation true.
For example, the ordered pair (5,3) is a solution of the
equation 2x - 3y gs. 1. To find a solution, give 3c a value,
substitute this value into the equation and solve for the
corresponding value of y. To find ksolution of 5x - 2y = 7,

let x be some valise, say 3, then 5(3) - 2y = 7 from which

y = 4. The itIution-is-13,0-.--



Exercise Set. 2

1. For the given equation and a ,value of one. variable,
find the corresponding value of the second variable
and write an ordered.pair solution of the equation ;,

a. 3x + 5y =-0, x = 5 b. 4s - -t = 10, s =
37

4 V

c. -8x - 3y = 15, x = 0.6 d. 5x, y = 16

2. Given 3t - p = 1, complete the table and write the
five associated solutions 'of the equation. .

t10151 -371 4.6
p

3. Given the eqdation 2m - 5n = 1\8, find five ordered
pairs of the farm (m,n) which satisfy the equation.

4. If (3,4) is a solution of ax°- y = 26, what is the
value of the constant a?

-4.- The_Rectangular Coordinate System.

Two nusiber linesi one representing the values of x, ,a second
the values of y, placed'perpendicular in a plane so thiir
origins cooincide,forma rectangular coordinate gystem (See

Figure 1.1). The number lines are' called odbrdinate -sixes

with Positive directions to the right for x and2UpWara ror
y. The axes divide the coordinate plane
into four quadrants which are - y-axis
enumerated with Roman
Numerals as shown in
the figure. The
point of inter -
section of the
axes is called
the origin.'

Each point in a
coordinate plane is
the graph of an ordered
pair---(xTy). For example,
a point in the plane is the
graph of (-5,3) where -5 is the
x - coordinate and 3 is the
._54__e----eeerdinate of the point

10
Figure 1.1
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or

Apoint P in'the.,prane Whose 000rdinates are (x,y), written
P.(x4)., islocated,Wstoprtin4 from.th, origin and moving to
the x - coordinate on the axis, from this point, move
vertically in the direftion and4istanceihdicated by the
y - coordinate. This, terminalliant is the graph of P(x,y)s.

Example*.

to

Locate the point P(x,1) whose coordinates are

a. (4,3) . . o. Frolic' the origin,
, q.

move right 4
units on4the
x - axis,'then
up 3 units
to P.

b. (-5,-1) . . From the origin,
move left 5 .

units, then
down 1 unit
to P.

c. (0,-3) . From the origin,.
do not move left
or right but
move down- 3
to P.

P(4,3)

4

x

P(0,-3)'

Figure 1.2.

4.2 graph five solutions of the equation 3x - y 1.

Step 1. Complete a table of values fot.5 values
of x.

x 0 1-11_11-21

Y I I

44,

; x 01,-1111-21 2

y I 4 I 2 -7 1 5
131 t



Step 2. Form five solutions from to table:
4 40,-1), (-1,-4) , (1,21i-1-2,-7), (2,5).

it.Step 3. Graph the solutions on a-coordinate
^ow--system.

y

1.3

Exercise Se, 3

1. Plot the graph of each ordeped pair and state the
quadrant it is in.

a. '(3,1) b. 0,-7) cll (-8,-2) d. (-6,5)

2. Graph the five solutions/of the equation x - 2y = 5
corresponding to s = 0, I-2, 3, -5, and 4.

3.-Pass a straight-line through the points P1(0,0)
and P2(2,1) in a coordinate system. Detetmine f

which of the following points lie on this line.
4

a. P(3,5) b. Q(4_4) c. R(-2,1)

d. S(-2,-1) e. T(41-2) f. M(7,9)

, ,

, 5. Graph of a Linear Function in Two Unknowns.

'Let y be 1a filn4ion of x given by y = ax + b. The graph of .
all solutions of/this equation is called the graph of the 41,1

function.

Similiarly,)if the-Linear function is 'expressed in the form
aie + by is the graph of all solutions of this equation
is called the graph of the-equation.-

a.*
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The names 'linear functiti,-. and 'linear equation' are
derived from the fact thy.: their graph is a straight line.

Examplem.

5.1 Graph th function y = 2x - 3.

Step 1. Give x values and find the corres-
- ponding values of y. -Even though
2 points are sufficient to deter-

.
mine-the line, a third point wisll
be found to cheCk for possible.

,

error.

on-

x 0 4

Y I
y -3 5

1

Step 2. From the table, list solutions of
the given equation: (0,-3) , (4,5).
(-1,-5)

tk,

Step 3. Graph the solutions ficibEtt415-2Auldr
using a straight edge, pass a straight
line through those points. This line
is the graph of y-= 2X- 3.

5

Figure 1.4

45.2 Graph 2x +-3y = 6.

Step 1. Give x values and evaluate y.

x _0 -3

y

0 6 -3

y 2 -2 4



Step 2. List solutions of 2x + 3y = 6 from
the table: (0,2), (6,-2), (-3,4)

Step 3. Pass a straight line through the
graphs of the'solutions. This line
is the graph of 2x + 3y = 6.

5

_

5.3 Graph f(x) = 2.

Step i. Assign x values and solve for f(k).
Consider f(x) = 0.x + 2.

rt:d -31 4 0

1(x) I 11 /I

Step 2. Ordered pair solutions area
and-

Step 3. Pass a line through the graphs of
(-3,2) and (4,21 which is the graph
of the function f(x) = 2.

Y f(x)

a

-5

15 4 p

Figure 1.6

-".x



-9-

5.4 The CelaiuS and Fahrenheit temperature conver-
sion formula, C = 2(F - 32), expresses C as a
linear function of/F. Graph this linear func-
tion for values of F between 0° and 212°.

Step 1. Give F values within the indicated
range 0° to 212 'and solve for co--
responding values of C. it'is con-,
venient to let F = 0° and 212° to
establish the range of values of C
for the graph.

F101212 32 F 212 32

C I I C -10-F- 1001 0

Step 2. Connect the graphs of °(0,-1) ,
(212,100), and (32,0) with a
straight edge to produce the graph
of the given linear function for
the specified values of F.

(0 ,
-160

Exercise Set 4

1. Graph the following linear functions.

a. y = 2x - 4

C. y go -4

b. s = -4t + 5

d. V =T
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2. Graph each linear equation in two unknowns.

a. 3x - 4y = 12 b. .351'= 70n = 300

c. 4x - y = 0 d. x = 0 °

3. k car, traveling at a constant speed of 30 kilometers
per hour, goes a distance of d kilometers in t hours
given by d = 30t. Graph d as a linear function of t
for t between 1/2 and 4 hours.

6. Distance Between Two Points in The Plane.

When two points lie on a horizontal or vertical line, a
directed'distance from one point to another or an un-
directed distance between the points can be calculated.
Figure 1.8 and the table illustrates the types of dis-
tances and how they can be determined..

in

P3(x3,y3)-

Figure 1.8

,1C



Description
of

Distance

Symbol
for Distance

Movement Distance Calculation
Sign of

Distance

Directed,
P
1

to P
2

Directed,
P2-to P1

Directed,
P
3
to P

4

--Directed,
P
4

to P
3

Undirected,
between P1 and P

Undirected,
--betweemvP3 avid P

Horizontally,
left to right

Horizontally,
right to left

Vertically,
up

Vertically,
down

Heine

,None

4

x2 xi

xi x2

y4 -y3

y3 y4

1- 2

114 '3f 1173-y4

positive

negative

positive

negative

positive

positive

Examples.

6.1 Find the directed distance fkom P
1 '
(9 3) to P

2 '
(27 1)--

Step 1. Since-the second coordinates are the same,
the line containing the points is hori-
zontal. Hence, the equation of the line
Is y - 3.

-

Step 2. This positive distance is found by the
left to right"movement on the line (from
lesser to greater values of x).

Step 3. Subtract the lesser x value' from the
greater x value. -15.

1.P 2.= x2- xl
27 - 9 -= 18 units.

6.2 Find the undirected distance between- P1 (8,-4)
and P

2
(8

'
-16).

Step 1.--Sinte-the fikst coordinates are the
same, the points lie on a vertical
line whose equation is x = 8.

iff

17
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Step 2. sal-4 -(-16)1 =1121= 12 units

which also equals 1-16 - (-4)1=1,-121

t= 12 units.

The distance between any two points in the plane can be

found by applying the Pythagorean Theorem which states

a right triangle, the square of the hypotenuse (side

opposite the right angle) equals the sum of the-squares

of the other two sides'.

In Figure D1.9, the distance between PI (x al) and P 2
(x21y

2
)

is the length of the hypotenuse of tha right
triangle whose other two sides are
y2 -11 and x2 - x1. By the Theorem,

(F1 T
2
) 2 (x

2
- x

1 -
)2 +

-
-

1
)2

from which IF-151= 1

2+(y2 - y )

1 2 2 2 1

This relationship is called the distance formula.

y P2(x2iY2)

PI (x1
y
1L. -4

tigure 1.9

A

Example.

6.3 The undirected distance from P1(3,5) to P2(-6 19 )

is

IP1P21
c(-6 3)2+9 - 5)7 in 1/81 +

= All units

is
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Exercise Set 5

1. Refer to figure 1.10 to find the indicated directed
or undirected distance.

d. P
3
0 e. OP

4

.g. 10P21 h.
IF.721

y

f. 1375.2 1

" 1711.

(0,0)

P
4
(-2,0) 1

(5,0)

.7. Slope of a Line.*

P3(0,-3)

Figure 1.10

On a nonhorizontal saight line, as the values of x in-

crease, the correspond-kW values of y wilt either increase
or dacrease. In Figure 1.11, as
x increases from 1 to 2, the
corresponsing values of y in-
crease for lines A and Er
and decrease for line C.
This increase or decrease
in the values of-y provide
a measure for the 'steep-
nerds' of a line. This
'steepness' is indicated
try-101e term-slope.

S.

Figure 1.11

*Only straight lines are considered in this chapter.

1
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The slope, m, of a straight-I/hi is -the-quotient-of-any
increase in the values of x divided into the correspond -

ing_increase (or decrease) in values of y.

2 Y1
Symbolically, m =

Y----- for any two points Pi(xilyi)
x2 xl

'find P2(x2.Y2) on- the given straight line. See Figure 1.12.

The difference in the x - coordinates
is called a change in -x ar,run ex-
pressed as Ax (read delta xT-ind
the corresponding -difference in
-the y - coordinates is called a
gLanmj.jaor rise, written Ay. Y Yl

Examples..

7.1 The points (31-9)-end
lie'on a line. The slope

1Y2)

(run)

(rise) #

- 8 -17

m r (-7) -rs.

7.2 find the slope of the line
whose equation is Eic - 2y = 9.

-Figure 1.12

Step 1. Find two solutions of the equation.
They are coordinates of two points
on the_line.

3 9
P1(°1-7) P2(31

9
)

.

Step 2. By definition,

2 1
ft° 3 - 0

Verify-that-the-saopeof_the_harizonts1,_line
having the equation y = 13 or Ox ± y = 13

.---::igi zero.

Step 1. Find' the coordinates of two points on
the line,

f -4 I' 2 1(-4,13) P2(2,13)

-y 13 13 .20



Step 2.

F
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Y 13 - 13 b
x2 r °.

O

7.4 Show that a horizontal line whose equation is-_
y = C(Ox + y = C), C a constant, has a slope
equal to zero.

Step 1. Find the coordinates of two points
on the line.

015
y C C

P
1 '
(0 P2(5,C).

C C
Step 2. The slope is m 3-Er

In Figure 1.13, lines A and B )

are parallel. The slope of (A)
if 1/2 and the slope of (B) is

_1/2. In general, two lines
AbivizigL2 -sl ..mmv an d_711 are

parallel if and ofily =m2.
O

In Figure 1.14, lines (A) and (B)
are perpendicular. The slope of
(A) is 3/1 while 1111) has slope

---+
or --.. :-.1 .154-

The slopetof (A) is the negative
xeciprocal of the slope of (B).
In rarer two lines having
slopes mi d m2 are perpendi-
cular if and Ty if-

ml = 74 or equi ently,

NNml m2 is -1°

N

21

0.

1 2
Figure 1.13

(A) Y

Figure 1.14

(B)
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Examples.

7.5 7N5 lturve-equatiorut_ 4x ,+ y 3 and
x 4y = 8. Show that the lines are
dicular.

Step 1. Find the coordinates of two points
on each line.

y 3

x I 0

y I -2 1

P 0;3)1

P3(0,-2)

P 0.0-11:}
2 (

P4(4,-1)

------

4

-1

Step 2. Find the slope of each line.

l 4
m2 ..

-Step- 3. Since -.TT=

the lines afe.perpehaiculir.

lxikrcise set 6

1. Find' the slope of the line-passing through the given
points.

a. P1(8,5), P2t-7,0) b. P1(0,0) , F2(3i4)

=p/n4,76), P2(75,-3) d. T1(4.8,3.9), P2 (6.5e=8.1)
_

2. A 'line passes through PI (-442) and P9 ;fly.-
line passes through Pl(=6,1) and P4(3.10). Are the
lines parallel?

3. Shao--that a vertical line having th °fruition x - c

has no .slope.

4. A line passes through P1(0,7) and P9(3,-1). A
second line contains the points P3(1,-1) and P4(-12,2).

Are the lines perpendicular?

5. Two lines haveslopes of -2.8 and 5/14. Are the
lines perpendicular?
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6. The graphOf-th-t--CirisiusT_I- ahrenheit temperature°
teratronkhip -C- 5/91P- -, .32) -Tine:- *tat is -the

slope of the line?

O. NuaLionts of a Line.

An--equation_of a straight line can be determined if two

points on the rifft-r-are-known_-__

Let Pi(xityi) and Pl(x2,y2) be two yen- points

If P(x,y) is a point-on the line, then the slope of the line

is

Y Y1 --Y2'- Yl-...--
x - xi x2 - xi

Multiplying both-sides __,the equation by x - x1 gives

Yl
(Y Y1

Y2
(x --e xi)

talledthe two - point form of in equation of a line.

Example.

through the _points P1(4,-ay -and P-24-3,1).

Step 1. Substitute the coordinates into the
two - point form.

(y - (-3)) to (x - 4)

Step 2. Simplify the eqUation to 4x + 7y =

An equation of a line can he 'found if the slope m and a I

poiit pi (xi In) on the° line are known. Changing the slope

expzessIon to rn in the two - _paint form, gives (y - yi) se

m (x x1), called the slope - point-form of an equation

of a line.

8.2-Write an equation of the line with 0.opn
passing .through the point P(7,-U.

Step 1. Substituting the given into
point form yields y -(-1)

Step 2. Simplifying the equation of
gives x + 4y = 3.

23

thy slope -
(x - 7).

Stbp 1

- -
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0

'A line intersecting the y - axis at the point (0,b) has a
intercept of b. For a line having slope m and y -

ntercept it passes through-(0,b)), the equation (y - b)
= manipulated algeIraically into y =
mx + b, called thl--in......-ntesslayt form of an equation
of a 1.311e.

-

Example.

8.3 Write an equation in standard foim of the line
with slope -2/5, passing through the point (0,8).

Step 1.- --Froa_the point' (0,8), the y - inter-
. -cept is 8:---

Step 2. (Substituting the
and b = 8 into y
= (-2/5)*x + 8

40.

values m = -2/5
= mx + b gives
from which 2x + Sy =

'

A vertical line passing-through the point (c,0) has an
equation x = c.

Atw-izontal line with a y - intercept b has an eipratiulr

A line passing through the origin (0,0) with slope-''m has
an equation y = mx.

Example.

8.4 A line passing through the point (-1,13)Vhich

,a.

b.

is vertical also passes through (-1,0).
Hence,the equation is x = -1.

is horizontal also passes through (0,1
and has a y - intercept of 13. Thus, he
equation is y,= 13.

c. also passes through the origin has slope
13 4m = zr-l-76=-13. The equation of the line

_isdy = -13x.

0

t.

4
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Exercise Set 7

1. Write an equation of the line passing through the

given pointi.

a.

c.

P1(8,5), i (-7,3)

P1(-4,6), P2(-4,10)

b.

d.

P
1
(0 0 )

'

1),(7,5),
j^

P2(3,4)

P2(8,51

2. Write an'equatbon of the line with the given slope
and passing through the given point.

a: "u7--3, P1 (4,7) b. m,=j0, P148,-,-5).0_

C. za = 4/71.151(5,1) d. m = -5.7,- P
1
(0.5,6.3)

3.-,Write an equation bpi* the line having the given
slop-Vend y - intercept.

a. m = -6, b = -5 b. m = -1/3, b = 7

c.
.

= 1, b = 0 d. m * 0, b = 0.

4. Find the slope-and y - intercept of the line whose
OP is given.

a. y = 5x 4 b. y = -x

c. y = -8.6 d. f(t) 9.t,- I

*AY

e. -C = 5/9 (F - 32!

5. What is an equation of the line passing through
a

the origin which is parallel to the /ine having-
the equation 3x - 7 = y?

6. A line intersects the y - axIs at (0,5) and it is
perpendicular to the line 5x - 2y = 3. What is an

equation of this line? p

7. A line is perpendicular to the line 4x = gy

and passes through the origin. What is an_equation

of timbline?

2.0

-
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sometimes be,- analyzed by detarminip
betweenthe experimentAl variablep
hed to detbrmine whether the rela-
y form of the line equation .(two
Or slope - intercept) may then be
relationship.-

Example. \

9.1 An the laboratory the pres sure qp) of a fixed
volumi,of gas is measured for various, tempera-
tures(T). The folloWing data is obtained:

g

-

Teverature 0 '23,- f58 84 100

Prespure (iim )\ 22.7 24.6 21.5 29.7 31.0

Write an eguation to
pressure and the tempe

se.

ress the relationship between tife

ature of the gas.

-Step 1. Gra hiligithe data santsts that the
relationship is line.
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Step 2. The slope (m) is determin4 from the
points (0,22.7) and (100,31.0):

31.0 - 22.7 8.3m = 7 Tu.= 0.083 .

Step -3. From the point (0,22.'7) the intercept
(b)- Jo 22.7. -

Stop 4. 4iubstituting m = 0;083 and b
into the slope - intercept form giVee:
P 0.003 T 22:7

.*

`,Exercise Sat t

In the -laboratory, the le,-gth o a spring' .(L) is
. measured when various weights 4) are .,suspended, onit. The following data is obtained: <,

Weight (00 0
I. -

'1
c

2 5 7

Length (10' 6.Q 6.5 8.0 8.5 9.5
.

Write an equation to express the relationship be-
tween the length of the spring and the weight on it.

ele

o-

2

I

el

a

"4P
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CHAPTER,TWO

TRIGONOMETRIC EQUATIONS AND VECTORS

1. Ankles and Their-Measure.
0

An angle is generated by rotating a half -line"from an initial
position, about its endpoint,-to-a terminal position. The
initial; position of the half-line is called the

initial side of the angle; the
terminal position is called
the ,termlnal side. The 4064.
fixed en point is called rrl
the vertex of the angle.
If the rotation is counter- Ice

clockwise, the angle is vertex
said to be positive. A .

clockWise-rbtation.genera-
tes a negative angle.'

An angle in -standard position has,itavertex at the origin
and its initial side is the positive
portion of the x axis.
An apgle e (read theta)
aPpekrs-in standard
position in Figure' 2.2.

initial side

Figure 2.1

x
initial side

Figure 2.2

Two units of measure of an angle are the revolution and the
ree. If the initial side of.an angle rotates counter -

isasb that the terminal position coincides with the

.
initial positione.the measure of the apgle generated is 1
reVolutioft or 360 degrees, written 360'. Thus, l0 equals

1/360 of a revolution'.

The degree/ is divided into 60 equal parts called minutes
and each minute is divided in 60 equal parts callgrireads.
An angle of meaoure degrees, °13 minute, and 43 seirscoz
is written 35013'43".

A third unitof-measure of an angle is the- radian. If the
radius ocia circle is rotated so that the inaSTIPted arc

th

23
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of the circle is equal in length to the radius, the angle
generated has the measure,1 radian (See Figure 2.3).

Since there are 2w radii in the
circumference of a circle,
there are 2x, or_ approximate-

--ly 6.28 radians in 1 revolu-
tion. One radian is about
57.3° and 2w radians equals
360°.

Examples.

1.1 Four angles in standard position are shown below.

a. T Y b.

-o
= = 45

4
B =i7/11 = 210°

figure 2.4

1.2 Convert 273.2558° to degree - minute - second
notation.

Step 1. 273.2558° = 273° + 0.2558°

0.2558 4444; x 60 minutes.
d- 15.348 minutes
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Step 2. 15-.149' = 15' + 0.349'

0.349_minutrs x 60 seconds= 21 seconds
saware

Step 3. ConcIution: 273:25586 = 273°15!21"

1.3 Express v18°52114" in degrees

Step 1. 18°52'14" = 18°

11

= 18.871°

(

+
52°

to

+

the

14

nearest thousandth).

°
nu

+ 0:867°

3600

+ 0.004°

fj

1.4 Add 35°48'56" and

Step 1. 35°48'56"

43°40' 23"

78°88' 79"

Step 2. 78°88'79"

Step 3. 78°89'19"

1.5 Subtr4ct 13°46'27"

Step 61°10'15"

Step, 21. 60
o
69'75"

-13 °46'27"

47023'48"

1.k Find iof 135 °24'.

Step LI 2 (135°24')

43°40' 23" .

\

= 78°89'19"

= 79°29'19"

from 61°10'15".

60°69'75".

1
= 7 ( 1 3 5

o
+ 24')

= 67.5° + 12'

= 67°30' + 12' = 67°42'

An alternate method is

Step 1. 4.(135°24') =
1
(134

o
84' )

= 67°42'

9
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Exercise Set 1
C

1. Sketch the angle having the given measure.

c. it radiansa. raplians -45°

3w
0. -T radians f. 585°

2. Express

5
d. 3. revolution

g. -330° h. 3w

a. 17°31'50" in decimal form.

b. 5.50° in degrees, minutes, seconds.

0. 47.36° in degrees, minutes, seconds.

3. Perform the indicated operations.

a. Add 39°42'18" and 51°51'51".

b. Subtract 46°31'12" from 63°7".

1(0')c. 7 146°4 --

d. (7
o14'50")

4.
2-(62

o
35'30")

3

2. Conversion From One Angular Measure to Another.

When converting from one type of angular measure to another,

a conversion factor derived from the relations 180" = w
radians, 360° = 1 revolution, and 2w radians =1 revolution
can be used.

If an'angular measure type A is to converted to a measure
type B, then A B/A gives B where B/A is a knbwn convex..
sion factor.

Examples.

2,1 To convert' 18° to radians,

Ira dians 1w
18 48.9rOlii -goligni = TIT radians

= nr radians

31

C
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2.2 Convert 484°30 to? revolutions (rev).

Step 1. 482°24' = 484.4°

Igtig;Wg-Step 2. 482.4 dogrias x

482.4= -Nu- rev = 1.34 rev.

2.3 Change 17= radians to degrees.

1 5041111's 180411:::s 15 180 w
degrees

= 1350°

Exercise Set 2

1. Convert each of the following.

a. 30° to radians 18.7 rev to degrees

c. radians to rev d.___30__t.o_rev-

*e. 45° to radians --15 --rev-to radians-

4
lrg. rev to degrees *h. 3.14 radians to degrees

*Express as decimals to the nearest thousandth.

3-__The_Trigonometric_Functions.

Each angle in Figure 2.5 shoWs a line

seg...ant RT drawn- perpendicular
to the x - axis from a point
P(x,y) on its terminal side.

The right triangle formed
has six ratios of its
sides which are- functions
of-the terminal side and

thus, the angleitself.
The distance from the
vertex to the point
P(x,y), called the
radius vector r, is the

:11141M...111,

P(x,y)

Figure 2.5 (cont.)

32



-27-

hypotenuse of the right triangle.

The six kunctions, called
trigonometric functions,
are defined berm.

Function

x

P(x,Y)

Figure 2.5

Sides Related

Abbreviation Ratio to An le

sine of 6 sin e

-tangent of 8

secant of

cosecant of e

cotangent of 6

tan 8

sec e

csc 6

',opposite,
hypotenuse

--adjecmmt---

hypotenuse

opposit
adjacent

hypotenuse
adjacent

'r hypotenuse

y opposite

cot 0
adjacent
opposite

The values of rye trigonometric functions can be found

using the cal,zuletor. Some calculators, however, do not

-compute valu.leof the cosecant, secant, or cotangent func-

tions dizectly: To d0 tills, the following reciprocal

,relation are applied.

csc 0 = -s-fr-51 sec -8 =
1 cot 6 =

cos 6 tan
1

u

Examples.

3.1 -,T;_c value of

40°a
,

1 -

- 61 = 1.556a. csc 40° = sin F.T5

"1+410...
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It 1 1
b. sec Tir rm. 6.392

sin 7 ear

*Convert n/20 to 9° if the calculator does

not accept radian measure.
1

C. cot( -215°) tan ( -215°)
= -1.428_

3.2 The point P(-2, -.V3).lies on the terminal

side of an angle e. The values of the 6

trigonometric functions of 0 are

a. 3131'0

b. =cos e = r2

C. tan 0 = =

d. csc 0 =
3

e. sec -0 =
3

f., cot e =
-2 -

A/5

3.3 The function value (to the nearest thousandth)

for the given angle using the calculator are

"figure 2.6"

a.

c.

e.

g.

sin- 30° = o.soa

tan 36° = 0.727

csc(--131) = -1.000

sin 36.617° = 0.596

b.

d.

f.

h.

cos 170° = -0.985

sec 150° = -1.155

cot(2.6 rev) = 1.376

cos(-6°15") = 0.994

3.4 Find a positive angle 'A less than 360° so that

tan A- -0.538.
_

The calculator procedure is tAn 1(0.538) or Arc

.tan(0.538) which gives 28.280 or 0.494 radians.

34-
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Exercise Set 3

-1, Evaluate each trigonometric function to the nearest
thousandth.

a. sin 45° b., cos c. tan 195°

d. sec( -60°) e. cot -5r--3- f. csc 220°p!.

g. sin (-3w) . h. tan 88°15'45" i., sec: 135°

2. Find a positive angle A less than 360° given that

a. sin A = 0.500 b. cos A = 0.346 c. tan A = -15016

3. Find the trigonometric fundtione of an _angle whose . _

,____terminal-aide-patises-through. thi-point (.r3A(7).

. Solving Right Triangles.

To solve a_ right triangle means to find_the lengths of its ---

sides measures of its angles.

Example.

4.1 Solve the tight triangle
shown in.Figure'2.7.

Step 1. To_ find angle Al-
A = 190.0/240.0

.7917. Thus,
'A 38.37' or
37'22'12"

B is 90.00',.No
B = 90.0,- 28A37'
m 51.63 or 51'37'48".

240.0m

Figura -2.7

. Step 3. Using the Pythagorean Theorem,

C = s/(240.0)2+(190.0) 2 -frdm which
C = 94,701) gi 306.1 meters.

35
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4.2 A -sectional view of a metal shaft with a
red-end is shown in Figure 2,8. Find the

diameter of the shaft NE and the slant, length AB.

B

D

C

.6.217 cm-41

Figure-2.8

Step 1. tan 159 = Ar7 and

RD = (tan 150)(6.217)

(.2678).217),

= 1.666 cm.

Step 2. BE = 2 NU = 2 -(1.666) = 3.332 cm

Xff
1

Step 3. sec 15° = and Kg= (sec 1P).(6.2 7)

Exercise Set t'

Assume that in each exercise 1-5, the
triangle has its parts labeled as
shown _Figure Soive'for the
remaining parts.

1. ca Sin
b = 4 m

3. A= 300
a = 1 km

5. B= rev_

a = 390 mm

4

2. c = 25 cm
a = 20 cm

b = 1.0uLOlcm

MM.

= (1.035) (6.217)

= 6.436 cm,-

36

Figure 2.W
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6.--Ah 'impedance-right triangle is used in
analyzing alternating current circuits.

In a particular circuit, R-= 1655

and Z = 5115,. Fi.pd the phase
angle O.

Applications of Radian Measure.

The len gth c'ALATSLILsolLLIgssiA is
directlY pro ,ftraumeasure
of the central angle-6- expressed in
Wians.st-chie.relationship is ex-
pressed by the equation-S = 8r where

r is-the radius of the circle.

_ Examples.

Figure 2.10

Figure 2.11

5.1 An arc length of 43.20 cm corresponds to the
central angle of 250. What is the radius?

Step 1. Converting 250°
cm

to radians gives
4.363 radians.

Step 2. Substituting into
S - -6r, 43.70
= 4.363r. The
radius r =
43.70Trio = 10.02 cm. ,

Figure 2.12

5.2 A road curves along the arc of a circle with a
radius of 400.0 meters and a central angle of 62°.

A steel cable costing $4.16 per meter is to be
placed on the curve of, the road as a protective

barrier. How much will the cable cost?

Step 1. 62° = 1.082 radians

Step 2. In'the formula S = Or,
S = (1.082) (400.0)
= 432.1 meters".

37

,400.0 m

o

Figure 2.13
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1

_StepL3. The cost is 432.8.906e-1i

= $1800.45

The mg iof a settOr-of-a circle in terms of
the radius r and the central angle 8 in radians
is given by

Example.

.5.3 A cone is formed by joining
the two*radii of a sector
of a circle together. How
much "does it cost_to make a Figure 2.14
cone from sheet metal costing
$12.50 per square meter if a sector having a
radius_,of 25.00 centimeters And a central angle
of 240' is used?

Step 1. Convert 240° to 3.927 radians.

Step 2: The cone is made from a sector of area
1bv A_z_e_er

_.A = 7 (3.927) (25.00T
2

=- 1227-Cm .

Step 3. Convert 1227 cm2 to square meters.
1

1227 x 10,000, = 0.1227 m2i20

Step 4. The cost is 0.1227 ..
$12.50 $1.53.

7-7

$4.16
1 ilettri.

An object moving on a circular path has an average angular
,velosity ;I (omega) defined to be the angular displacement
8 throu4hirhich a body rotates divided by the_time t elapsed.
That is, , =

The equaiion V = 71. r relates average linear velocity V of
/in ObjeCt moving along the arc of a circle of radius r with
'the average angular velocity ; of the object.

EXample.

/ 5.4 A stereo turntable with a diameter Of 1/3 meter
rotates at 78 rpm. Find the angular velocity
in radians-per second and the corresponding
linear velocity* of.a point on the circumference
of .the turntable.
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Step 1. 78 2s rad likkh'

155RF 6 sec
= 8.17 rad/s

Step 2. To find linear velocity, substitute in

2 r.

w
=

8.17 1
v FEE meter = 1.36 meters/s

Exercise Set 5
a

Find the unknown quantities listed in the table.

Ah las-Velocit M Tie. t Central An: is 8

? rad/sec 20 set 10w rad

5 rad/sac ? sec 85 rad

w/2 rad /sec 7 sin 30 sec ?' rad

-
Linear Velocity Q- Angular Velocity 6' Radius--

4. ? m/sec 40 rad/sac 6 is

5. 200 shmin -? -red /sec 0.5 a

6. 4.5 m/min 150w rad/min ? IUD

7. Points P1, Pa, ant P are located at various points along

'a radius of the flywheel as shown in the figure.

Foist Pa on the perimeter is 25 or froe the center while

-15and F3 axaroturimilf-anctou,rth
of the radius distance from the

center. If the flywheel rotates ,

at 300 revolutions per minute,

what is the 14near velocity-

of each point)in centimeters
per second?

Figbre 2.15



8. The erroWhead design represented
in the figure was formed using
arcs of concentric circles of
radii 30 c* and 16 cm and
five consecutive radii 150
apart. The design is to
be mode from sheet metal
costing $13.50 per square
meter.

: .

a. What is the cost of material
to produce one arrowhead if
there is no scrap metal
loss due-io recycling?

.b. :A metal boarder costing

$40 per meter is to
Surround the arrowhead
for decoration. What
is the cot of putting
a border on one .

arrowhead?

4

0

Figure 2.16

9. When two pulleys are belted together,the ratio of the
diameter of the lar est pulley to the diaMeter orthe
smallest pulley equa s the ratio of the angular velocity
arae7i-mallest pulley to the angular velocity of the
lar est7-17e7=the larger the diameter of a pulley the
s ower it must rotate. tA .

/D
B
n V

B
/V

If pulley B has a diameter of 35 cm and is rotating
clockwise at 18 revolutions per minute, what is the
angular velqcity in radians per second and revolutions
per minute of pulley A which has a diameter of 98 cm?

fl

Figure 2.17

40
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6. Vectors - Geometric Interpretation,

Physics and engineering are concerned with quantities

that can be characterized by both magnitude and direc-

tion. Examples of these quantities, called vector quan-
tillaa, are velocity and force.

The .geometric representation of a vector quantity is a
directed line segmst from a point P(x111,1) to a point
(:)(x211,1), written, Called a v r. Tile point P
is, Called the Anitial point-, and point is called
thr. terminal point. Two
vectors from P to t) and

from R to .S are equal if
they have the tame roc-
tApn 'Rd length, written,
Mr= Bpi' /See Figure 2.18).
A wingXe letter with an
arrow, denoted P, Pis also
used to symbolize avector.

If the directed liGe_ipegmEnt
is
'vector

rand PO-
then RT.40also represents

, vector A. That is, a vector
quantity can be represented
by any directed line segment,
regardless of its locaton in the plane, as long as It
has a specific length and direction,

The length of a vector is proportional to the manitude
of the vector quantity it represents. The direct on o
a vector is the same as the direction of the vec
quantity.

Figure 2.18
d

Example.

6.1 A force F of 50 newtons is
being-exerted at an angle
of 350 with the horizontal.
This vector quantity can
be reprggented by the
vector Y as shown in
Figure 2.19

'figure 2.19
t '

A

50
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Addition of two vectors can be accomplished in the plane

by a parallelogram method. The two vectors to be added

are placed so that their initial points coincide. yorm

a parallelogram having the
two vectors as adjacent
sides. The diagonal of

, the parallelogram is
the sum vector,
sometimes called the
resultant, written
See 2.20.

y

Figure 2.20

A triangle method can bedpsed to add two vectors in the

plane.. The initial point of
one vector is placed at
the terminal point of
the other. The resul-
tant becomes the third
side of the triangle
formed with the two
given vectors as ad-
jacent sides. See
Figure 2.21.

Example.

Figure 2.21

6.2 A directed line segment from the initial point
10-4,6) to the terminal point T1(3,9), call
if vector Ul, is added to a second vector, T/12,

having 12(9,-6) and T2(4,0) as initial and
termlnal points, respectively. ,The sum of Q1

and V2 is the resultant vector R shown below
and found by the

a. parallelogram method:

V1

S'

Figure 2.22



4 _

-37-

b. triangle method:

4 VI

Figure 2.2.3

Exercise Set 6

1. The initial Point I and terminal point T of directed

line segments used topdefine vectors are given. Find

the resultant vector of the given vectors by the par,-

allelogram or triangle method. Match the resultant

with one of the vectors in Figure 2.24.

a. I1(-8,-6) T1(-6,4); I2(-6,-8) T2(0,-2)

b. I1(-2,0) T1(-21-3); 12(-91-4) T2(-2,-4)

c. 11(8,5) T1(0,-2); I2(-91-3) T2(-1,-3)

d. I 11- , 4) T1(memp7) ; T2 (-9F-3) T
2
(-1 -3)

e. Ii(-10,1) T1(-4,5); I2(-4,5) T2 "(-2 1).

13(6,0) T3(3,13) .

MMOSMORIMMOMMVIRMIMONMOMMOMMMOOMMOOMMOOMMOMMOMMO
MOOMSWOMONMEMMOMMOMMMOMMEMMEMEMEMMUMOMUMMOOMMOMMOIM
SMONIZAIMUUM OMUMMMOSUMOMOMOMMOMOMMOMMOOMMOISSIMMOSOMOMFJO

mnsmoliziosasamanasnsanwannname.namsnaaranommonownan
OMOMOMMOZPIOL2MMAMOOMOSSOMMWPOIMMOSEMOMMIVIVIIMOSOMMAMMirommemilsommomemommmorAtmossamemmesitumingsv
mimmummemassommusimmumissimemismummmismommonmscs
mommessmomminanwommimmitsammanonsimminsmessmolmemowoSOMMOMMEMSMOOMMOOMOVAMMUSEMMOMUMWm

MSOMMOMOM
USOMMEMSOMMERMMOMMEMNMEMUMENOMUMOWAEOMOROMOOMOM
UMMOOM OUSSOOMMOOIMOUEOROROMMICOMOMMOSSMO

OM
OMMOSSMSOMMIOMOMOMOWIEMOMUMOUUMAREMMEMMUOMMOOM
OOMMOMMEMMOOMOOMMOOMMUMMOSEMOMOMMENFAMEMOMMOMMUMMIIMM
MMUMMUMMEMBOOSUMOUMMIBMWOROMMEOMMOWIRAUMMOOMMEMOUSOMMO
museassmassounnsmssommommemommerimmomummommommumm
gimmommosimesAmmessmammommosommommialmummumlomm
MOOMMUMMUMIT1UMOMOMMMOURIIMMUOMOSOCOWOMOMMOMMP!aMMURJ
INIUMMERIONidONOMOMIMMIMMISMSOMMIMAIRMOOMMOOridOMMIMMO
MUMEMMEMMOMMOMOMMSOMMOMMUMEMMMOMPAIUMWOMMOMMOMMUMMEMM
limmommmummammumgammqvisminmemeimissimmesommmummin
MOMMOSMONMOOMMISOmmwmwSERMOSIOVIROMIMOMMOSSMOMMMOSSOM

Figure 2.24
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7. Vectors as Ordered Pairs.

A vector in the plane, is an ordered pair of real numbers,
wriT171-"<x,y>. The first member is called the x- component
and the second is called the y-component.

A vector with an initial point Pi(xl,yp and a terminal

point at P2(me,y2) has the form <x2-xl, y2-1,1>. If the

initial point is the origin (0,0), then the vector i-
written as (x2,171> .

Examples.

7.1 The vectors represented
geometrically in figure
2.25 can be expressed
as

4
A = <3,4>

B = <-5,2>
4
C = <2-(-2), -4-(-1)>

= <4,-3>.
Figure 2.25

The direction of a vector V = <x,y> is the angle 8 found
by sowing the equation tan 8 = y/x. The magnitude of V
written **1IV, equals lx2 + y2.

Examples.

7.2 A vector V ha's an initial point P1(2,\-1)

4nd a terminal point P1(5,-7).
V = <5 - 2, -T-(-1)> or <3,-6>. The
direction of V is,found by tan 6 * -6/3\
which giires 8= -63.440. The magnitude

01'4 = 132 (-6) 2 = 173.
a

7.3 The vector <0,-5> has a terminal point
at (0,-5). Its direction is 270.

1AI Vo2 2

4
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A vector can be described by its magnitude and direction.
A vector with magnitude 15 and direction 570 is written
415,57?). In general, fora vector V with direction 0,

ei.

To express = (671,0) in the component form <x,y>,
Figure 2.26 shows that

cos 8 = from which x = 01 cos e;
ITI

sin fromE from which y = sin e;
lvi Figure 2.26

-Thu-S, (l0i,e) = <ifl - cos e, 01 sin e> = <x,y >.

Example.,

7.4 A vector given by (30
of 30 cos w/15 and
30 sin w/15. Thus,
and y = 30*(0.208) =

<29.3,6.24 >.

,r/I5) has an,x-Component
a y-component of
x = 30 (0.978) =.29.3
6.24. Hence, (30,w/15)

Two vectors A <a , a
2
> and A <b b

2
> are equal if and

only if al =.131 ana a2 = b2.

If -cis any real number, celled a scalar, and V =
then the product of c and V is a vector denoted by cV
= c<x,y> = <cx,cy>.

FOr two vgctors I = <al
of A and 8, written A +
Geometrically, A + g is
using the parallelogram
and fl.

,a2> and g = <b ,b2>, the sum
L, is the vector <all-ba74761>.
the resultant Vector Nbunia÷b/
or triangle method to add A

Examples.

7.5 For two vectors A <-2,5>and g = <3,8>,

a. A + t <-2,5; + <3,8>

= <-2+3,5+8>

<1,13>.

b. 3A + (-2)g = 3<-2,5> + (-2)<3,8>

= <-6,15> + <-6,-16>

= <-6+(-6),15 + (-16) >

<-12,-1>.
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Exercise Set 7

1. Express each given Vector in the component form.
Write each component to the nearest hundredth.

a. (7,85°) b. (13.6,160°) c. (0.58,7/18)

2. Given that A <3,4>, B has the initial point I( -6,3)
Ind the terminal point T(7,-1), C = <10,0>, and

= <-5,-4>, find the following.

a. A + C b. 3A+ B c. +(-3)6
3, Express from exercise 2. in the form (i61,03).

4. Two pool sharks, Harold III and. Felix X, hit a ball
at exactly the same time. Harold III hits the ball
NW with a-force sufficient to give the ball a speed
of 70.3 centimeters per second. Felix X hits the
ball SW with a force sufficient to produce a speed,
of 70.3 centimeters per second. What direction does,
the ball travel? How fast? Use the component
method of'vector addition.

5. A picture hangs crookedly as shown in the figure.
The upward tensions in wires A and B are vector
quantities having magnitudes of 60 newtons and 45
newtons, respectively. If Wire A makes an-angle of
140° with the horizontal, and Wire B an angle of
50 °, what are the contronents of A and B? Add the
Vertical components to find-the vertical force on the
nail.

Figure 2.27

*
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-8. -Computer and ,Calculator Applications.

Some calculators (Hewlett-Packard 45 and 55, Texas
Instrument SR-51, Monroe Beta 326, Sharp PC-1002) have
the capability of converting vector representation from
the magnitude - direction to the component form. If you

have such a calculator, do the following exercises.

Exercise Set 8

1. Convert each given vector to the component'form.

a. (6.00, 1.200) b. (10.00, 45°) C. (7(0.00, 4w/3)

d. (85.00, 3)0°) e. (67.00, 0°)

2. If possible, use a calculator to add the following.'

vectors.

(85.00, 110°)

a. (10.00,

b. (20.00,

c. (100.00,

25°)

205°)

75°)

(15.00, 15e)-

(8.004 30°)

(120.00, 310°) (40.00, 90)--
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CHAPTER THREE

SYSTEMS OF LINEAR E ATIONS

1. Two Linear Equations in Two Unknowns

Two or more linear equations of the form ax + by = c
considered together are called a system of equations.
Symbolically,

aix + bly = ci _

a2x + b2y = c2

is a system of two linear equations in the unknowris x and
y where al, b1, cl, a2, b2, and c2 are constants.

If an ordered pair (x,y) satisfies both equations of the
system, then it is called a solution to the system. To
solve a system means to find its solution(s).

Example.

1.1 In the system 4x - 2y = 14
A

3x + 5y = .4 ,

the ordered pair (3,-1) is a solution since-it
satisfiesboth of the equations. On the other'
hand, (2,-:3) satisfies the equation 4x - 2y = 14
but does not -satisfy 3x + Sy = 4. Therefore,
(2,-3) it i.ot a solution of the .system.

2. Solution of a System by Graphing

By graphing the equations of a system, it is possible to
locate the point of intersection of the two line - graphs'`.
A point of intersection is the graph of a solution of the

systein. Keep in mind that-inaccuracies can occur in the
drawing, and reading of graphs to make this method__of -solvin-cr

a systM less appealing than other- methods to be presented

later,__________

44
a
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Examples.

2.1 Steps leading to the solution of the system

- aye- = 3

2x + ey = 19 are:

Stec 1. Graph the
equations.

0'

Figure 3.1

Step 2. Project the point of intersection 6f
the liner u.ato the x-axis and y-axis to
find the approximate values of x and y,
respectively.

Sten 3. The graphical solution of the system is
estimated to be (2.5,2.3). [Actually,

7
the solution is (-

5
-2'3)

2.2 Ix -
1

= 2 . . . (1)

-6x + 2y = -8 . . . (2)

Sten 1. ,Granh the equations.



t

Step 2. poth equations of the system have the
same line - graph.. The points of inter-

.

section are the line itself.

Step 3. Conclusion. The solution of the system
is the set of coordinates of all points
on' the lihe. .The-solution set is
infinite and the system is called
dependent.

2/3 5s + 2t = 12 . . (1)

il
los + 4t = 8 (2)

Step 1. Graph the equations.

rigure 3.3

0

Step 2. The lines are parallel; thus, they have -4

no points of intersection.

Step 3. Conclusion. Without points of inter-
section, there cannot be common solutions
of both equations of the system. There-
fore, the system has no solutions and it-
is called inconsistent.

Exercise Set 1

use the graphing method to solve the given system.

I. 2* + 3y- = 5 2. 4x - 2y = 5

x+ y = 1 2x s y = -3

3. I. 2m.. + n = 6

LlOm - 2n = -5
il

4. . x + 4y = 8

2

1
-x --. 4 = 2y,

5 0
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3. Solving a System By Elimination--Addition or Subtraction Method.

Exact solutions of a system can be found by eliminating one

of the variables in order to get an equation in the other

unknown. The examples to follow illustrate this elimination

procedure.

4

Examples.

il

3.1 3E- 2V= 6 . . . (1)

4E - 5V = 1 .,. . (2)

Step 1. To eliminate the variable E, multiply
the sides of (1) by 4, the sides of
(2) by 3, and subtract.

4 times (1) is 12E - 8V = 24

3 times (2) is 12E - 15V = 3

7V = 21 or V = 3.

Step 2. Substitute V = 3 into either (1) or (2)

and solve for E.

4E - 5(3) =1 of E = 4

Step 3. Conclusion. The solution of the system
is (E,V) = (4,3).

il

3.2 4R
1
- R

2
= 0 . . . (1)

= . . . (2)2R
1

5R
, 2 '

j

.

Step 1. Multiply the sides of (2) by 10 to remove
the dedimal coefficients and write (2) in

standard form.

4R1 R2 = 0. . . (3)

20R - 5R2 0 (4)
1 2

= -

,Step 2. Multiply (3)by 5 and subtract to eliminate

either R
1
or R

2.

52

20R
1
- 5R

2
= 0

2OR
1
- 5R

2
= 0

,

0= 0
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Ptep 3. Conclusion. Since both variables Ill

and R
2
were eliminated resulting in a

true equation, the, system is dependent.
Therefore, the solution of the system
is the infinite set of ordered pairs
which satisfy either equation of the
system«

il3s- 5t = 4 . _., . 41)

9s- 15t = 7 . . . (2)

.Step 1. Eliminate 'either s or t by multiplying
the sides of. (1) by 3 and subtracting.

3 times (1) gives 9s - 15t = 12

'9s - 15t = 7

0 = 5

Step 2. Conclusion. Both variables s and t were
eliminated resulting in the false
equation 0 = 5. The system is inconsistent
with no solutions.

Exercise Set 2

Solve each given system tlf-the addition or subtraction method.

1. 5x - y =)

[4x + y = 6

2. 3s - 6t = 5

sr 3t

3. 3x + 2y = 7

il2x

4. .2x +, .3y =

il

1

- 4y = -22 .04x
+4

.06y = .2

5. Using Kirchoff's dews, the following equations were set up
I

O

to solve an electrical circuit. AI = current in amperes
E = potential difference id volts). Solve for I G

and I
B'.

[16 = ES =2. 2I + 2 IB

12 =EB=2IG+ 2.8 I B
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6

4. Solving a System By Elimination--Substitution Method

'Tbis method is convenient to use if one variable in an

-equation of the system canbe easily expressed:in terms of

the other variable.

ampled.

.T

10x + 5y ='2 . . . (1)

,Sii + y = 1 . . . j?)
il ,

. .

-Step ,l. Solve (2) for y .in ,terms of x-to get
y = 1 - 8x.

Step 2. Substitute' 1 -* 8x for y in et:illation (1)

m and solve for x:

4.1

-10x 5(1 - 8x) = 2

-30x = -3

1:
x = TO-

Step 3. Substitute x = iTff nto either (Wor

(2)'and solve for y.

10(n) + 5y'= 2
1

5y = 1 and y

Step 4. Concldsion, The solution

is (1111- i).

Exercise get 3

of the system

il3. 2a --3b = 1

2a- b= -9

Solve by the substitution

1. 8x - 5y =.10

il

2.

x - 3y = 6

method.

x - 'If = 10

IX -. 13y = 20

53
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4. A chemist wants to calculate the, atomic weight'of
nitrogen and oxygen. He knows the-atomic weight of
dinitvgen pentoxide N205 is 108 -amu and the atomic-

mtight,of nitrogen dioxide NO2 is 46 amu. So he sets

. up the!system of equations:

il2N + 5.0 = 108

N + 2.0 = 46

Solve the systpm and find the atomic weights of nitrogen
awl oxygen in atomic mass units (amu).

5.. Solving a System Using Determinants--Cramer's Rule
:-

A determinant is a square array of numbers, called elements,

which symbolize the sum of certain products of these

elemeAtg. This bum is called the value of the determinant.

Pe detefMipant of order 2 is symbolized and evaluated as
shown in the equation below. An element is a member of the

row indicated by the left digit of the subscript and it is

a member of the column indicated by the right digit. Thus,

a
21

is in the second row, first column.

..-:

I .

.". all a12
alla22 al2a21

a21
a
22

Examples. /

5.1 4 -3
= 4(-1)1- ( -3) (6) =414

6 -1
0 0

5.2 0.8 -1

-6 6.5
= i0.8)(6.5) (-1) (-6) = -0.8.

The values of x nd y which satisfy the system

ilalx.+ bly = cl

aiX + b2y = c2

4

are found using determinants by a method called Cramer's rule

given by:
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/
X

1

Ic2

61

b21
cib2 - bic2

-
al

a2

bl

b2

alb2 - bla2

Example.

[

al

a2

Y = al

a
2

5.3 -.Solving the system 4x -

4-

-rule gives
L6x

1, -5

a:2 cla2

aP2 Ipla2

5y = 1 us: - Cramer's

10y = 5

5 10 1.10 (-5) (5) 35

4 -5

6 10

'(-5) (6-) 70 2

16 5

14 1

4.5 - 1.6 14 1

Y ---7)---

_
70 70 5

The solution of the system is (1 , i).

If either fractional value, of a variable using

Cramer's rule is of the'for*
'

2 the system is
0

a
dependent. If a value has the form -6, where

a 0, the system is inconsistent.

Exercise Set 4

1. Evaluate

a.

each order 2

63 b. .0

2 1 16

deLerminant.

0

4

c. -4

1-

5

10

1

2

d. 0.31

0.b

10

200

50
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2. Solve each system using Cramer's rule,

a.

c.

f2x - 3y = 5

x+ y= 40

2m - 5 = 0

4m - n = 7
il

b.

.

d.

4x -

2x +

d -

-

9y =

3y =,5

3e =

6e =

3

10

5

3. A boat can go 10 km down stream in 45 minutes and return in

75 minutes. How fast is the current travelling?

44_ A barge traveled 20 km downstream in 50 minutes. A speed-

boat takes the same time/to go upstream but takes-only

15 minutes to go downstream. How fast are the current and

the two boats moving ?,

6. Three Linear E1ations in_Three Unknowns

A system of three linear equations in three unknowns x, y,

and z has the standard form

aiX + bly + clz = d1

a2c + b2y + c2z = d2

4ax + b
3
y + c3z = d

3

A solution is an o dered/triple (x,y,z) which satisfies

each equation. To lolvela system means to find all of its

solutions,

Example.

6.1 The order d triple (-2,1,5) is a solution of the

system

2x + 3y + z = 4

x - 2y + 2z = 6

5x + 3z = 5

'becauseix = y = -1, and z = 5 satisfy all

three equations.

5 6
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7. Solving a System--Elimination Method

An elimination procedure similar to the addition-subtraction
method of Section 3 can be used to solve a system of three

-linear equations.

Example.
-

--- 7.1 The steps in solving the system

4x- y- 2z = 1 . . . (1)

3x,+ 2y + z = 5 . . . (2)

2x + 3y + 3z = 10 . . . (3) are:

Step 1. Choose a pair of equations and eliminate
one of the variables. Selecting (1) and
(2), eliminate z by multiplying (2) by 2
and adding.

4x - y- 2z = 1

6x + 4y + 2z = 10

10x + 3y = 11 . . (4)

Step 2. Select another pair of equations, say
(2) and (3), and elimin te z by
multiplying (2) by 3 and subtracting.

9x + 6y + 3z = 15

2x + 3y + 3z = 10

7x + 3y = 5 . . . ( )

Step 3. Solve the system of two equations (41,
and (5) by any convenient method of tW
previous section. Subtracting (5) from N,
(4) eliminates y.

10x + 3y = 11

7x + 3y= 5

3x = 6 or x = 2. y = -3.

Step 4. Substitute x = 2 and y = -3 into an
original eauation of the system and
solve for z. Using equation (3),

2(2) + 3(-3) + 3z = 10 or z = 5.

57
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step 5. Conclusion. The solution of the system
is (2,-3,5).

Exercise Set 5

Solve the given sy3tems.

1. 4x + 3y - 2z = 11 2. 4x + 2y = -2 _

2x - 3y 3z = 5 x + 5y z = 11

5x + y- z= 8 3y - 2z = -5

8. Solving aSystem Using Determinants--Cramer's Rule

A determinant of order 3 has the_standard form of

all
a
12

a
13

a
21

a
22

a
23

a31
a
32

a
33

where the elements are real numbers.

Themiriorofanelementaii(i = 1,2,3, j = 1,2,3), written

Mij, As the smaller determinant whose elements are formed

by eliminating the row and column in which a is a member.

The cofactor of an element aij is (-1)' I-M.

Example.

8.1 The minor of

4 2 -1

3 -4 5

6 1 7

the element

is M
23

5

4

6

in the

2

1

determinant

= -8 formed by

eliminating the second row (i = 2) and third
column (j = 3) of the given determinant.

5r
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8.2 The cofactor of the element 5 in the ieterminant
4

of R.1 above ta (-1)
2+3

.M
23

= -1.
6 1

= 8.

The value of a determinant of order 3 (or higher) is, found
by taking the sum of the products of elements in any row
(or column) multiplied by their corresponding cofactors.
This procedUre is sometimes called LaPlace's expansion after
the originator.

Example.

8.3 Evaluate /4 3 -2

2 -3 -3

5 1 -1

Step 1. Select a row or column, say row 2, and
multiply the elements of this row by
their corresponding cofactors.

2.(-11
2+1

3 -2
= 2.(-1)-(-1) = 2

1 -1

4 -2
= -3.1.6 = -18

5 -1

4 3

-3.(-1)
2+

3'

11
= -3.(-1)-(-11) = -33

5 1

Step 2. the value of the determinant is the sum
of the products 2 + (-18) + (-33) = -49.

Cramer's rule states that the value of each variable in a

system of three equations is the ratio of two order 3

deterMinants. The denominator is the determinant of
coefficients of the variables in the system. The numerator

is the coefficient determinant in, which the coefficients of
the variable being solved for are replaced by the constants

of the equations:

- so

4



Example.

8.4 Solve

Step 1.

x

-54=

3x + y - 2z7= 1

2x + 4y + 6z= 10

x - 2y - 7z = -5 using Cramer', rule.

1 1- -2

10 4' 6

-5 -2 -7_
3 1 -2

'2 4 6

1 .-2 -7

Y =

3 1 -2

2 10

1 -7
-12

24 -2
-12

-60 ,- = 3
-12

3 1 1

2 4 10

1 -2 -5 12
z - -1

-12 -12

Step 2. The solution is (-2,5,-1).

Exercise Set 6

Solve each system using Cramer's rule.

{

1. 4x- 3y + z = 1 2. 3R1-

2x + 3y - 4z = -4 6R1 +

x y + 22 = 5

2R2 +

3R2 -

2P
2

-

4R3 = -S

2R3 = 8

5R
3

= 4

60
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4. Computer and Calculator Applications

There are.- many calculator and computer programs which aid

in the solution of systems of equations. There are two types.,

of programs. One will evaluate determinants for solution of

the equations by Cramer's rule. The other type solves the-
system by giving the values of the variables when you enter
the coefficients and right-side constants.

Exercise Set 7

1. Use the program ,n1OET" to evaluate the determinants
necessary to solve the following system-of equations
by Cramer's rule.

{ 2x - 5y - 3z = 10

x +y+z= 0

4x + Ely + 2z = 4

. Use the progiam "SIMEQU" to find the solutions to the
following system of equations.-

3x + 2y - 2z.= 1

-, -x + y+ 4z = 13

(.. 2x - 3y + 4Z = 8
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CHAPTER FOUR

QUADRATIC EQUATIONS

1.- Quadratic Functions in One Unknown.

A function f(x)'is called-4 quadratic function of x if it

assumes the form f(x) = ax 4 + bx + c where a, b, and c are

constants,and a # 0.

- Examples.

1.1 The function§ f(x) = 3x
2 + 6x + 1, g(t) = -4t2,

and h(s) = s - 3s are quadratic.

1.2 The functions f(x) = 3x - 4 and g(t) = 4t
3 - 0.5t

are not quadratic functions.

The graph of a quadratic function f(x) = ax
2 + bx + c is

the set of all points whode coordinates (x,y) satisfy

the equation y = ax + bx + c. It is customary to graph

a few selected solutions of this equation and join these

points with a smooth curve to arrive at the graph of the

function.

Example.

1.3 Graph the function y = 2x2 + x - 15.

Step 1. Using a table and given values of x,

find the corresponding values of y

x -4 -2 -1 0 1 2 3 4

y 13

]

0 -9 -14 -15 -12 -5 21

Step 2. From the table, list solutions of the'

given equation: (-4,13) (-3,0) (-2,-9)

(-1,-14) (0,-15) (1,-12) (2,-5) (3,6)

(4,21).
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Step 3. Graph the solutions in Step 2.

5

Figure 4.1.

Step 4. Join'the points with a smooth curve.

Figure 4.2

x

Exercise Set 1

1. Using graph paper, sketch the graph of each given function.

a. y = x 2 + 3x - 4 b. f(x) = -2x
2 - x - 15

c. y = x2 -'6x + 8

Rq



2. Roots and Zeros.

-If- a quadratic function f (x) = ax
2 + bx ,+ c is set equal

to some- value, say d, then the solution (-0-- -of the re-

sultin'g bquation d = ax2 + + c are called roots of the

equation.

Examples.

2.1 If the function.f(x) = x
2 - x - 6 is set

equal to 6, then the solutions of 6 =

x2 - x - 6, namely x = -3 and x = 4, are

roots of 6 = x2 - x - 6.

Graphically, the roots can be found by tak-

ing the x-coordinates of the intersection
points of the graphs of y = x2 - x - 6 and

y = 6. (See Figure 4.3).

y = -7

Figure 4.3

2.2 If the function f(x) = x
2

7, x - 6 is set equal

to -7, the equation -7 = x4 - x - 6 has no

real roots since the graphs of y =x2 - x - 6

and y = -7 do. not intersect. (See Figure 4.3).

If a quadratic function f(x) = ax2 +"bx + c is sgt equal to

zero, then the solution(s) of the equation 0='ax4 + bx + c are

called zeros of the function.
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Examples.

2.3' If the function f(x) = 2x
2 +A - 10 is set

eqmal to zero, then the solutions of 0 =
2x + x - 10, namely -2.5 and 2, are zeros
of the function.

Graphically, the zeros are the x-coordinAtes
of the points of intersection of the x-axis
and the graph of y = 2x4 + x - 10. (See

figure 4.4)

2.4 The zero-of-f(x) = x
2 - 4x + 4 is 'x = 2;

the solution or root of 0 = x2 - 4x + 4
is x = 2.

Plaure 1.5



Exercise Set 2

1. Determine which of the given values of the variable

are roots of the given equation.

\a. 3 = x
23x 7; x = 0, -2, 3, 5

b. 12 = 3t
2 ; t = -6, -,2 2, 7

c. 20 = 4x2 - "§ x + 5; x= -3, 0, 1, 1-5-

2.- Determine which of the given values of the variable

are zeros of the given function.

a. f(x) = 4x2 - 20x; x = 3; 5, -5, 0

b. g(t) = 5t3 - 20t; t = -3, 1, 2, 0

c. h(s) = 382 lls - 4; s = -4, 0,
1- 2
3'

3. Find the zeros of f(x) = 2x
2 + 7x-- 4 graphically.

S

3. Finding Zeros of a Quadratic Function.

The present2section deals with finding the roots2of the

equation ax + bx + c ='0 (or zeros of,f(x; = ax + bx + c;

they are the same) : Conoider this equation to be the

standard form of a quadratic equation in x. To solve a

quadratic equation is to find, its roots.

A -quadratic equation can be solved by graphing. Locate

the points where the graph of the equation intersects the

x-axis. These poi ve coordinates of the form

(x,0) where x is a

Example.

3.1 Solve 2x2 + x - 10 = 0 by Igraphing,

Step 1. Graph the function v:F. 2x2 + x 10.

(

-2.5

Figure 4.6
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Step 2.. 'The. roots of - x - 10 = 0 are _

. the x-intercepts--, of the graph, namely '
x =- 2_`' and; x

A factoring. method! Can be! used, sotve a quadratic equa-
tion whenever the expression- ax + be 4. a is- factorable.
Write the equation in .sbandlird form... Factor. the quadra-
tic aide and set tech -factor equal: to rem.. SolVing:-=-.
these new equationn ineivigUalbly- results= in the zeros,- of
the quadratic function 'and; the roots of the original,
equation.

Exarkples.

3.2 Solve 2t2 = 111.

Step 1. W'rite the equation in standard form,

2t4" - t - 110 = O..

Step 2. Factor the left side and set each
factor equal to zero. Solve the
resulting- equations.

(2f - 5).4t + 2) = 0

2t - 5 = 0 or t + 2 = 0
5

t = 7 or t = -2

Step 3. The roots of 2t2 = t + TO are 1r
5 ---

and -2.

3.3 Solve 4t..
2
= 9t.

Step 1. St4ndard form, of the equation is I

4t' 9t = O. ,

Step 2. t(4t - 9) = 0

t = 0 4t - 9 = 0

t = 0 or t

Step 3. The roots of 4f2 = 9:t are t =

and t.= 9/4.

If a quadratic equation cannot be solved by factoring,
a second method' known as comvleting the square method

- -car br used. The procedure is illustrated by exarrple.

67
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Example.

3.4 Solve'2x
2 + 5x = 12 by completing the square.

Stepl. Write the equation in.standard form
and divide both sides of the equa-.

tion by the coefficient of x2 if it

is not one:

2x2 + 5x - 12 = 0

5
x2 +'x- 6 = 0

Step 2. Move the Constant to the right'side
to get x2 + 5x = 6.

2

Step 3. Square 1 of the coefficient of x and
add the result to both sides.. That

is, add 1 . 5 2 25 to both sides.
(7 -) =

2 TW

2 5 25 25
x + 7x + = 6. + 1-

Step 4. The left side trinomial is the scitpre

of the binomial whose r!rst term is

x and whose second term is.1/2 of the
coefficientl of the x-term in the

_ trinomial. The equation can now be

written as 5,2 121
(x + )7i = .

Step 5.. Take the square roots of the sides
and solve the resulting equations

for x.

5 t 11
x T qr

11 5 11
Thus, x +

5 = -4- or x + 4 = from

which x = 3_ or x =
2

Step 6. The roots of 2x
2 +_5x = 12 are x 3

and x.= -4.
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If the quadratic equation ax
2 + bx + c = 0 is solved by

completing the square, the roots are found to be

x
-b +42 - 4ac and x

-b - A2 - 4ac
2a 2a

usually written as
' x

-b ± 1/ b2 - 4ac
Za

This equation is called the quadratic, formula.

The roots of a quadratic equation can be found by'iden-
tifying the values of the constants a, b, and c from the
dtandard form, substituting these values into the qua-
dratic formula, and simplifying.

Examples.

3.5 Solve 2x
2 = 1 - x using the quadratic for-

mula.

Step 1. Write the equation in standard form
aad determine the values of a, b,
and c.

2x
2 + x- 1= 0; a = 2 b= 1 c= -1

Step 2. Substitute a4= 2, b = 1, and c = -1
into the quadratic formula and sim-
plify.

x =
-1 ± 112 - 4-(2)(' -1)

\

2 2

-1 ± %/IT -1± 3 -1- 3
x =

4 ---4"- 4 .

-1 + 3
or

4

x = -1 or i.

Step 3. The roots of 2x2 = 1 - x are x = -1
1

and x 2,

69
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3.6 Four 2 decimeter squares are cut from the cor-
ners of a rectangular piec
that is 17, decimeters long
A tray having a volume o
meters i0 formed by ben
solderinj the seams.
sions of the piece of

of sheet metal
r than it' is wide.
156 cubic deci-

ng up the sides and
at are the dimen-
ee metal?

Figure 4.7(

/

I

Step 1. oik labeled did ram of the_piece of
metal may pro ide insight into the
translation o the problem into an
equation form.

2

x+3

x-4

x + 7 --

Figure 4.8

Step 2. The volume of the try is the product
Of its length, width, and depth.
thus, 156 = (x + 3)(x - 4)!.2



Step 3. Simplifying the equation from step 2
gives

x x - 90 = 0.

Step 4. Substituting
c = -90 into

±
x =

_

a= 1, b = -1, and
the quadratic formula,

4(1)(-90)
2 1

2

1 ± 19

2

The roots are 10 and -9.

Step 5. The width of the piece of metal is
10 decimeters and the length is 17

decimeters. '

Exercise Set 3

Solve the quadratic equations in exercises 1 - 4 by the

method suggested.

1. Graphing Method:

a. x2 + 4x = 0 b. 6x
2 + llx = 7

2. Factoring Method:

a. x
2 - 3x = 0

c. 2x
2 = x + 10 d. 6x

2 + 7x = 20

b. t
2 = 6t - 8

. Completing the Square Method:

a. 2y
2 = 4 - 7y b. x

2
= 21/Rix - 10

4. Quadratic Formula:

a. 3s
2 - s = 4 b. 5m2 - 3m - 5 = 0

5. The formula d = V,t + 1/2gt 2 gives the distance (d)
from a starting point after a time (t) of al object
which falls with an initial velocity (V0), under the
accleration of gravity (g = 9.8 meters/second/second).
If a woman is pushed with a velocity of 2 meters/sec

7.
OEM
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from the window of her flaming hotel bedroom (25
meters from the ground), how long will it take her
to hit ground?

6. Dizzy Dean pitches with a velocity of 20 meters per
second. His hand is 2.2 meters above ground when
the ball leaves it at an angle of 30° to the hori-
zontal.

a. Find the times when the ball is 4 meters above
the ground.

b. Find the time when the ball is 1 meter above
the ground.

c. Why is there only one answer to b?

Hint: Use the quadratic equation y = (V0.tan (3)t
- 1/2gt2 + yo, where t is time in seconds, y is the
height above ground in meters, yo is the distance
from the point of projection to a zero point, 0 is
the angle from the'horizontal, and g is the accelera-
tion of gravity, 9.8 m/sec .

ground level

figure 4.9

7. a. Find the radius r of the circle shown in
figure 4.10.

b. Find the length of the arc of the circle from
point A to point 8 on the circumference.

Figure 4.10

CM

3
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CWAPTRR FIVE

compLEX NUMBERS - IMAGINARY ROOTS OF QUADRATIC EQUATIONS

1. CovAsx Mobs=

No negative number has a /Oil number as its square root.
Equivalentiye no real number squared is a negative real
number. Therefore, a new system of numbers" called Q2Nr
E....zienEktrai is introduced to relove this deficiency.

The symbol j is donned to be the imaginary unit having
the pr2perty that ji -1. It follows intuitively, that

=1,/

Any number which CAR be expressed in the form a + bi
where a and b are real numbers is called a complex num-
ber. The 4a" part. is called the real part an& ibjv is
.called theiaarY
The real number la% is a complex nuaber of the form a + 03.
Thus, any real number is a complex number whose imaginary
part is Oj.

A ure ima inaa. number is a complex number of the form
0 + 3 or, more simp y, bl.

An imaginary number is a complex number where b # 0.

Examples.

1.1 The complex nuMber -4 - 8j is an imaginary
number whose. real part is -14 and whose
imaginary part is -4j.

1.2 The real numbers a and 13 are complex num-
bers of the forstO + Oj and 13 + 0j,
respectively-. -ger

1.3 The imaginary- number 7i is a pure imaginary
number (a 0).

1.4 The diagram. below illustrates the relation-
ship among complex numbers.
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Complex Numbers (a + bj)

Real Numbers (b = 0) Imaginary Numbers (b # 0) k'

(3, -9, , 8.5, etc.) (3 2j, -1j. 5 + 0), etc.)

Pure Imaginary (a = 0)

. 1.
(6j, -7g, -16/5j, etc.)

Figure 5.1

The square roots of negative numbers can be represented

in terms of j. If p is a positive number, then the

square roots of the negative number -p are given by

V-77p- = VT) j, and V=13 = -t/13. j

The expression 45 j is called the principal square root

of -p. When finding the square root of a negative num-
ber, express the principal square root unless specified

otherwise.

Examples.

1.5 The two square roots of -25 are 5j and -5j.,

The principal square root of -25 is 5j.

1.6 The square roots of 71 are j arid with j

the principal square root.

1.7 V=r7 = VT7j.

Exercise Set 1

1. State whether the given number is a real number or

an imaginary number. If it is imaginary, indicate
if it is a pure imaginary number.

a. V=13 b. 3 - 8j

e. 5 + 1 f. 0

c. /13 d. 3 - VS.

g. -5j h. V7:77-
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2. Write the given numbers in the form a +obj.

a. ,r-TOO b. 3 - rIAT c. 5 + 7=5

2; Operations Involving Complex Numbers.

Equality of two complex numbers a + bj and c.+ dj is
defined as a + bj = c + dj if and only if a = c and
b = d. For example, x + yj = 3 - 15j implies that x
= 3 and y =

Operations on Complex Numbers. If a + bj and c + dj
are complex numbers, then

i.) (a + bj) + (c + di) =

(a + c) + (b d) j°

ii.) (a + bj) - (c + dj)

(a - c) + (b - d)j

*iii.) (a + bj) (c + dj) =

(ac - bd) + (ad + bc) j

iv.) 1211:.
c + dj C - dj

addition

subtraction

multiplication

ac + bd7-7
c + d

Examples.

2.1 (3

(3

+
bc - ad .

16j

c + d

+ 4j) + + 12j), =

.+ + (4 + 12)3 =

2.2 (-3 + 4j) - (6 - .2j) =

( -3 - 6) + (4 - ( -2))j = -9 + 6j

2.3 '(-2 + 3j) (-5 - j) =

10 + 2j - 15j - 3j2 =

10 - 3(-1) + 2j - 15j =

13 - I3j

* Multiply as two binomials with j -1.

division
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2.4 3j (2 + 13j) = 6j + 39j2
6j + 39( -1) = -39*+ 6j

**2.5 valff f3= VW j 13- j

irtri 2 = ( -1) = -VW = -2V5

2.6 4 6j 4=61
5i

-5j

-20j + 303 2 -30 - 20j

2..7

-6

3

-25j2

4.

3 - 4j

25

6 + j
6-

18

_3 6 -
+ 3j - 24j

j

-
6 + j

4i2
36 - j 2

(18 + 4) - 21, -022 21.
37

2.8 -V7-4.- (3 - 4j) + (4 + j) ( -6 - 2j) =
-2j - 3 + 4j + (-24) - 8j - 6j - 23 2 =

-3 - 24 - 2(-1) - 2j + 4j - 8j - 6j =
-25 -12j

Exercise Set 2

Perform the indicated operations and simplify.

1. (3 - 5j) - (-.7 + 3j) 2. 0.-4. + V7-161 (3+ j)

3. 4:1-3. v:---nr 4. (6 - j) (4+ 3j)

5. V - 7 2 Sr 5j 6. 3 - 8j
4j

7.. 6 - 4j 8. V.-73 - (2 - j) (-4 + j)
1+ 2-j

** It is important that imaginary numbers be expressed
in the standard complex form a + bj (whenever b 0)
before operations are performed.

7c



3. Imaginary Solutions of Quadratic Equations.

The expression b
2 - 4ac in the quadratic formula is

called the discriminant. If

b
2 - 4ac > 0, then the roots are real, unequal;

b
2 - 4ac = 0, the roots are real, equal;

b
2 - 4ac < 0, the roots are imaginary.

As stated above, if b
2 - 4ac < 0, then the solutions of

a quadratic equation are imaginary. When thiS occurs, the

factoring and graphing method* of finding solutioils can-

not be used; however completing the square and the quad-

ratic formula methods can be applied.

Example,.

3.1 Solve x
2 = 8x - 20.

Step 1. Standard form is x2 - 8x + 20 = 0_

= 20.

Step 2, Substitutirg into the quadratic
formula,

-( -8) * -8)2 - 4(1)(20)
x

2 1

= 8 i )TV
2

* 4'

2

= 4 t 2j.

Step 3. The roots of x
2 = 8x - 20 are

4 + 2j and 4 - 2j.

Exercise Set 3

Solve the following equations which have imaginary solutions.

1. x
2 + 1 = 0 2. x

2 = 6x - 10

3. x
2 - 8x = r25 4. 36x2 - 36x+36x+13-

7;'
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CHAPTER StX

EQUATIONS CONTAINING FRACTIONS

1. Rational Expressions.

A polynomial is the sum, of products of real numbers and
nonnegative integral powers of the variable(a). In

general, a polynomial in one variable has the form

anx
n + a

n-1
xn-1 + + a

1
x + a where

an
, a n-1 , ..., a

o
are real numbers and n is an integer,

n > 0.

Examples.

1.1 The algebraic expressions x2 - 3x + 4,
7x - 2 x4, 34, and x are polynomials in
one variable.

1.2 The 31i, and are not

polynomials.

A rational expression is the quotient of two polynomials
where the denominator is non-zero.

Examples.

1.3 Rational expiessions and excluded value(s)

'of the variable for which the denominator
is zero are

3x + 5
a -3.7 =, X 6

c.

4t
3 p 4 )

t - t - 12

x - 4x + 7 3x - 2
, x 0 d.

A fraction will be considered in lowest terms when the

numerator and denominator have no common factor other

than 1 or -1. To remove common factors, factor both

numerator and denominator and apply the Funaamental
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Princi al of Fractions, which states

If .a, b; and c are real numbers with b # 0 and
c # 0,_ then

i

1

A!.L.9_ - a
15-76- E'

The common factOr c can be removed (cancelled) to give
the reduced form a/b.

_Examples.,
3 2 2 yi

1.4 114 3 x
.7 3x

2
; x # 0,y # 0.

5xy

1.5 m
2

5m 6

m
2

1

(m - 6) m - 6

g0713 - 1) E-7-11 m # -1, 1

1.6
t
2 + 10t + 25 + 5) t + 5

2t
3 + 7t 2 - 15t

t 1.,+-5)(2t - 3) tt2t - 3)1

t # 0, -5,

Exercise Set '1

__Reduce each fraction to lowest terms and state the ex-
cluded value(s) of t1 variable for which the denomina-
tor is zero.

1. -12x
4

2. x3 - x
2

3x

3. R
2 + 8R + 12 4. 6t

2 - 13t + 6

R
2
- 36 3t

2 + 10t - 8

. Operations Involving Rational Expressions.

If M, N, P, and Q represent polynomials, then rational
expressions of the form M/N and P/Q can be multiplied
according to

M .P M= R-7-15 where N and Q are not zero.

79.



-Tile product should be written 1n ldwest terms.

D\ivision is performed using the rule

M . Q___ M P M
N

- 17 = N-4 where N, Q, and P are not zero.

\
The quotient should be expressed in lowest terms.

\Examples.*

2.2

4X 3- 4x

- 8)

--- -------
3 2x - 2x 3 (2x

2

2.2/-kx2 2x
2

- 2x)

(x2 25)_(12x

32'.X(x - 1) 3(x 1)

x2
12x - 8

X = 2 ;c2
2x - 35 (3* - 2).(x2 - 2x - 35)

(x - 5)-(
x -, 7

4-(3x..---) 4(x - 5)
(3 (x - 7-5-t5..-AP-5)

lk

2.31 -=2--T . 3P
3

+291)

2

+ 6P
a

1 2 P p - 4
1 2 2
. 22___ . P - 4

21) --=--4 3p
3

+ 9p29p. + 6p,

\:.-...- -__--92(13 4)
2-----"-

2 2

(2p - 4) (3p
3
+ 9p + 6p)

377*7
i) Throughout the remainder of the chapter, assume that
A values of -Variables for which denominators are zero
re have been excluded.

0 ""'
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Exercise Set 2

Perform the indicated operations and express the ro$Tult

in lowest terms.

1.
3x

2 - 27 x
2 + 6x + 9

----2--- .
xlx

2.
T - 2 -12T

3

4T
2 3T

2 - 2T - 8

(2x + 16) x + 3
3x+ 9 x + 8

4. 5x
2 -15x x2 + 4x + 4

717-7; x2 + 3x - 10 2x + 9x -

Additirn and subtraction of two rati nal expressions
WiaTnave a commcn denominator is g ven by the rules

M , PM+ P M P
+ g --g-- and F/ - =

L----
Seldom are the denominators the same however. When two

different denominators are involved, a common denominator
must be found, or better yet, the least common denomina-

tor (abbreviated L.C.D.) should be foun

To find the L.C4D., factor the denominators of the'frac-

tions to be added or subtracted. Choose each factor the

greatest number of times it occurs in any one denominator

to be part of the L.C.D.

where N ¢ 0.

Once the L.C.D. has been determined, the fractions to be

added or subtracted will be changed in form, if neces-

sary, using the Fundamental Principle'of Fractions so that

they will have the same denominator, namely, the L.C.D.

The addition or subtraction operation can now be perform-

ed following the rules stated above.

Examples.

2.4 If two denominators are 4x
2 - 64 and 10x2'- 80x

+ 160, the L.C.D. is _found by

81
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Step 1. Factoring both denominators com-
pletely.

4x
2
- 64 = 22 (x - 4) (x + 4)

10x
2 - 80x + 160 = 25(x - 4)

2

Step 2. Each type of factor present, from
step 1, mist be a factor in the L.C.D.
Thus, the L.C.D. has the factors
2 , 5 , x - 4, and X + 4.

Step 3. Each factor in L.C.D. must occur the
greater number of times it occurred
in either dendminator-. Therefore the
L.C.D. = 2,2-5-(x - 4)2-(x'+ 4).

2.5 Snbtract:
5x - 2 3

8x
2

36x
3

Step 1. The denominators are not the same.
They,caq be factored as 23x2 and
22-34x to give a_L.C.D. of
23.320 or 72x3.

Step 2. By the Fundamental Principle, the
fractions are expressed in an
equivalent form having the L.C.D.:

a

(Sx - 2)-3
2
-x 3 2

8x
2

3
2x 36x 3

2

Step 3. The fractions can now be subtracted
to give :

illy.- 2)-9x - 6.
L.C.D. ,

Step 4. Simplifying, the difference. is

45x2 - liX - 6 _0(15x2 6x 2)

72x3 X. 24x3

15x 2 - 6x -2

24x
3
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+2.6
311 2n 1- 1 1

72-
n - 2n - 3 n + 2n + 1 TT;

'3n 2n - 1 1

In 0.777 n(n + 1

(L.C.D. = n(n + 1)2(n - 3))

3n n(n + 1) 2n - 1 n(n - 3)

11 - 3) (n + 1).11-(n + 1) (n + 1)
2 .n.(n - 3)

1 .(n - 3) (n + 1)
n(n + 1) - (n - 3) (n + 1)

1

3n.w(n + 1) +(2n - 1).n.(n - - 3) (n + 1)

L. C. D.

5n
3 - 5n

2 + 5n + 3

n(n + 1) (n - 3)

Exercise Set 3

Perform the indicated addition or subtraction and express

the result in lowest terms.

x2 4
1. 7-7.7-71

3
3

32

7 1 5
5. 113-c

16x 36x3

2. l + + .1.1;1

2z
1

z24.

3x - 4
-2

x + 6x + 5 2x - 2

3: Solving Equations Containing Fractions.

In Solving an equati.on which contains fractions, multi-

ply both sides by the L.C.D. of all the dellopinators in

the equation: This 'till result.in an equivalent equa-

tion containing no fractions.
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Examples.

1 1 for R.3.1 Solve Ri R2

Step 1. The L.C.D. of the .fractions in he
equation is R R

1
Ri.

Step 2. Multiply botil sides of the equaton
by the L.C.D. and cancel where
possible. \

(R
1
R

2
=p= *yr/-
ds

12 + R Ri k
Step 3. Simplify and proceed to solve for

the indicated unknown.

R1 R2 = R R2 + R R1

R
1
\R

2
= R(R

2
+ R

1
)

R
1

.R
2

R
112 + Ri

1

(It is understood.that R, R
1,

R
2
are

non-zero; R R1 and R R2.)

2

3.2 Solve E m -.11-7 for d.
d a

2nr

Step 1. The L.Q.D. of the fractions involved
is 2nr'd.

1

Step 2. Multiply both sides by 2nr
2
d and

can_el each denominator.

2nr.
2
0 5 = 2ffr

2 m
$ - 7144%

Step 3. Simplify and solve for d.

2nr
2p = 2nr

2m - m
2
d

m
2
a = 2nr

2m 2nr
2
p

d
2nr

2
(m - p)

in
4 0



3.3 Solve
3

Y 16
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2 , 4

4
=

y + 4

Step 1. The L.C.D. is (y - 4) (y + 4).

Step 2. Multiply the sides by (y - 4(y
and reduce each fraction.

+

= (y - 4
4

Step 3. Simplify and solve for v.

3 -(y + 4).2 = (y - 4) .4

3 - 2y - 8 = 4y - 16

-6y = 4-11

11
y

6

3.4 The perimeter of the rectangle
s'aown in figure 6.1 is 18
centimeters. What is the
length and width of the
rectangle?

Step 1. By definition
perimeter,

1518 = 2.7R=7

of
3x-7

3 Figure 6.1
+

+ 4)

15

Dividing both sir:ps by 6 simplifies
the equation to

'5 1

13 -7-7 Tr="7.

Step 2. 'Multiplying both sides by the L.C.D:
( °3x 7)(x - 1) gives

3.(3x-7)(71) -='..).3arg11-(x-1) 5 + (3x-7) LN.1 il-J
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Step 3. Simplifying yields 9x2 - 38x + 33 = 0.

Step 4. Letting a = 9, b = -38, c = 33, and
substituting into the quadratic formula,

x = 38 i 4714 - 1188 = 38 ±
18 18

= 38 ± 16
18

x = 3 and x =
11--
9

Step 5. Replacing x by 11/9 in the length
1543x - 7) results in a meaningless
value of -4.5. Letting x = 3, the
length is.7/2 centimeters and the
width is 3/2 centimeters.

Exercise Set 4

1. Solve the following equations containing fractions.

w 1 w
a. + 7 = f

.1 3 5
C. R - 1

b.

d.

t + 4 t - 2
5 2

3 4
0

4F
2

- 9 2F
2 - F 7 3

2. The total resistance R in a set of parallel resistors

in a circuit with resistance ri (i = 1, 2, ..., n)

-is- -given -by-t he-eq-uilti on

1- 1+
r, r2 r3 J.n

a. If there are three resistors in the circuit
(i.e. i = 1, 2, 3), solve for the total resis-
tance R in terms of r r2, and r

--- 5

--

b. What does R equal-in terns of r1 and r if
there-are-three resistors rl, r2, and f3 with

r
2

=

c. Two resistors r = 900 ohms r = 1000 ohms are

arranged in parallel. What ig the value of the

total resistance R?

SC
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d. What is the total resistance R where r
1
= 900;

r
2
= 1000, and r

3
= 1000 ohms?

3. Find the length and width of the rectangle in Figure
6.2 whose perimeter is 2 meters.

-ir

1

r+3

Figure 6.2

4. According to the Doppler effect the observed frequency
produced by a'moving source is different from its

actual frequency. i.e. the frequency that would
be observed if the object was stationary with res-

pect to its observer. (This is Why the pitch of a

car horn seams to change as a car passes by-0
For sound waves

+ w + v,
fo 7 v + w + v

-.f
s
where f

s
is the actual

s

frequency of the source, fois the observed frequency,
v is the velocity of sound in the medium, v is the

velocity of the observer, v is the VelocitY of the
source, and w is the velocity of the wind. Sound

travels in air with a velocity of 331 m/sec. A car

is traveling at 20 m/sec in the same direction as a

20'm/sec wind4. As the_car app hem, a stationary
opera singer (;aith per ch) thinks that the

car's "ho is- ounding a middle C (256 cycle/sec).
is the actual frequency of the car's horn?
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CHAPTER SEVEN

EXPONENTIAL AND LOGARITHMIC EQUATIONS

.

1. Exponential Form - Laws of Exponents.

Real numbers can be expressed as the product of a sin-
gle factor taken several times. For example, the num-
ber 16 equals the product of 4 twos or 16 = 2 2 2 2.

To abbreviate this product and still be able to indicate
the factor and the numter of times it occurs; the num-
eral 24, is used. The factor 2 is called the joese, the
4 is called the expongnrpsyer,and the complete form
24 is called an exponential f9rm of 16. Exponential
forms of 64 are 82, 43, and 2T while 8/27 = (2/3) 3.

In general, for any real number x, the product x x x

... x x = in .for n factors of x. The number x is
called the base, n is called the exponent, and xn is the
nth power of x.

Examples.

1.1

1.2

1.3

1.4

2
5 = 5

(0.2) 4

81 = 9

64
ITS

=

4

5 = 25

(0.2);0.2)(0.2)(0.2)

9 = 9
2

4 4 4 3
(3)

= 0.0016

Exercise Set 1

1. Write the number whose exponential form is given.

a. 2
2

d. (0.3)
3

e 2
10

b. 5
3

c. 10
4

f. 1
9

4

g.

h. (41)
2

i. (50)
3

2. Write an exponential form for each of the following.

a. 100

b. 16

C. 36

4
d. 4-§

e. 0.008

f. 10,000

a

-4



In order that an exponential form of a number can be used
in ce-stain calculations, the following laws of exponents
are introduced. Assume that a and b are real numbers;
m and n are positive integers.

i) am an = am + n
(product of powers -)--

a
n

m
ii) = am - r

, a # 0, m> n
a

iii) am 1

a
n

a
n -

(quotient of pOwers)

; a 0, n > m (quotient of powers)

iv) (am)n = am n

v)
n an bn

n
vi) ("A'n = ab) b

bi

(power of a power)

(power of a product)

(power of a quotient)

Examples.

1.5

1.6

1.7

1.8

1.9

1.10

, 1.11

The laws of exponents
given in parentheses

x5 x3 = x8

(4y) 3 = 43 y3 = 64y3

(t
4

)
2 = t

42 = t
8

y
7

1 Y
5 = y 7-5 = y 2

34,3; 4 81
= =

1

being illustrated fre
in each example.

(i)

(v)

(iv)

(ii)

(vi)

(iii)

(v)

(iv)

a a a

4 ,10 1
77 =L. 7 I..

(3x4) 3 = 33 (x4) 3

= 27x12
0



Exercise Set 2

Use the laws of exponents to perform,the indicated

operations and simplify.

1. (2x),5

x4 x
5

x

3. t
4 4 t

11 9e. y y

8
9. (FL)

2

6. (-2) 1 (-2) 2

7-. (3x4-)
2 (5x3) 2

53 2
2x2 4

5. Ow J . w 11. (--w)
t'

2. Zero, Negative, and Fractional Exponents.

The exponential_form.x0 equals one for all nonzero real

numbers x. That is x0 =01, x 0.

SuppoSe n is a positive integer. Then -n is a negative

integer and the exponential form x is defined by

-n 1
x - x O.

xn

The laws of exponents also apply to zero and negative

exponents.

Examples.

2.1 x
-5 x

3 = x
5+3 = x

2 = -7

2.2 (3
-1

t
4

)
-2 = (3

-1
)
-2

(t
4

)
-2

3
(-1) .--2) t

4-(-2) 2 -8 9
= 3 t =

t°

2...$ (2 -:)2 :-3.4 t4 t4

t2.2 '67

Write the following'
.negative exponents.

1 5-1

Exercise Set 3

5.

simple form without zero or

80

so

1 -2
9. (--.7).4



2. 10-2 6. x4
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3
2

7. --,r
15

10. (16) ° 1-5

X-6. X3' X-511.

4. 4-3 - 8. (5-2)-2 12. (2x-2)-3

The law p Hof exponenti, validi for ratiop41
that 25' Tiat is, 25' -25' = 29"
In Mil 25, 251 = AI% In general,

?i.= nIA-c where x 0 and n is even.

powers, show
= 25. Since

If m and n
1 a rational

are integers and ViE is a real number, then
per m/n has meaning 'given by

1 m -m 1

xn
m n n

=
m and x = (xm) = %):-m

Note: Irkational exponents will not be discussed because
there does nQt seem to be a need.

Examples.

2.4 163/4 = (t/Ig) 3 = 23 = 8 or 163/4

= 117 = <//4096 = 8

2.5 253/2 = V75}3 = 53 = 125 or 127
=/15,625 = 125

2.6 oc2 + 0177-1--

o

1

2.7 8-5/3 =
1 1

8
5/3

(
3A) 2

5

1 1

--5

2.8 (27a 3b6)-2/3 = 27-2/3
s(-3,- (-2/3). b(6) (-2/3)

1 . 2 -4 a2
a b --T

771
=

9b

2.9 4s-3/2
4.6s-1/2 4 _61.7m 4

1"

6s
;/77 s'L/4 7777;
- 4 6s

-5772 777
4+6s

4 9,,.

fe
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Exercise Set 4

Find the value of each expression.

1. 400
1/2

2. 4
3/2

3. 32
1/5

4. 16-1/2

5. 100
-5/2 6. M

1/2
41

3/4 where M = 64, N = 15

7.
-2/3
z172- where x = 81, y = 27

8. (x
2

-17)
-1/2 where x = 9

Use the lawb of 'exponents to simplify and express the

result without negative exponents.

9. (t
-3

)
5/3 10. (8x y

3
)
-2/3

11.
(251''' - 12.

36 Y
-3

3. The Exponential un ctio3/ - b3.

Quantities which change (usually with time) are sometimes

determined by an exponential function represented by

f(x) = bx or y = b2C where b is a positive real number

different from one and x is a rational number. Some such

quant4ties are radium which decays in time, bacteria which

grow in time, and bodies who'e temperature varies accord-

ing to the temperature of the surrounding medium. -

A solution of the equation y = bx is an ordered pair (x,y)

which satisfies the equation. For example,,the equation

y 10x has solutions (0,1) ,
(1/247), and (3,1000).

The set of all solutions of y = 10 is the solution set --

of the equation.

The graph of,an exponential functiop has two general

forms depending upon the value of the base b. These

forte are illustrated in the graphs of F4gure 7.1.

The point - graphs of solutions for rational x are joined

by a smooth curve.

4
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y=bx

Figure 7.1

ExaMple.

3.1 Plot the ,graph of y =

Step 1. Construct a table of values for
given values of x.

1-3 1-2 OF 11 2,

Y

-3 -1 1

y 1 1
27

1
1 3 I 9

0

Step 2. Plot the solutions of y = 4x taken
from the table of step 1. Join the
points with a smooth curve.

y
X

Figure 7.2
.1



Exercise Set 5

Sketch the graph of each function for values of x
between -3 and 3.

1. y 2
x

= (1 )

x
3. y = 2.5x

4. Logarithms - Properties of Logarithms.

In the exponential equation y = b
x

, the exponent x is
called the logarithm of y to the base b, written
x = logby (y > 0) .

Examples.

p

4.1 Since 10
3 = 1000, 3 is the logarithm of 1000

to the base 10.

4.2 In the equation 1614 = 2, 114-it the logarithm-
of 2 to the base 16.

4.3 The value of 1og5125 is 3 because 53 = 125.

4.4 The iogarithmic equation which means the same
as 4 = 64 is 1og464 = 3.

4.5 log5*(1/5) = -1 since 5-1 = 1/5.
/1

els

4.6 -]og889'3 = 9.3.

If the base b in the equation yift,bx is 10, then y = 10x
and the logarithm of y to 'the Vase 10 is called a common
d arithm written lo The numeral 10 designatiFFMe
ase is omitted, i.e. Iog10y = 16g y:-

Another base which has widespread applications is the base

an irrational number with an approximate'value of 2.71826.
We logarithm of y to the bas'e e, called a natural log-
arithm, is written ln y -i.e. log

e
y = In y.

Examples/.

4.7 log 100 = 2, since 102 = 100.

4.8 log 0.0001 = -4 because 10-4 = 0.006111,
es.

4,9 In e_-= 1 (e1 = e) and ln, 1= 0 (e° = 1).

t?.
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4.10 The-values of the following logarithms are
found using a calculator.

a. log 8.312 = 0.9197

b, In 8.312 F 2.1177

c. log 0.523 =.-0.2815

d. 11n 83511= 9.030

EXercise Set 6

1. Find the value of the logarithm of the given number.

a. log 1000 'b. log
9
S

1
d. log7 TT 189255

c. 1og232

f, In e
3

g, log81 h. log 0.1 i. logro

j. ln. 83 ik. log 0.051 1. ln 4.35

2. Express each giver) equation in the equivalent
logarithmic equation form.

a. 16
1/2 =,4 4:3 10

-1
= c. 6° = 1

3. Express each give') logarithmic equation in exponen-,

tial equation form.

1og39 = 2 b. In 8349 = 9.030

log 10,000 = d. log 8.312 = 0.9197

Sir
logarithms listedagi7gtt'fn: gepra:leOfoexponents.

i. logb(M.N) = logbM + 13gbN

logb = 1osgbM logbN

iii. 164e= N 1459bM_

(logarithm of a product)

(logarithm of a quptient)

(logarithm of a power)



-90-

Examples.

4.11 log8xy = log8x + log8y (i)

4.12 og2 -6 = log21 - 1og26 (
1

= 0 - 1og26,= -1og26 L (ii)

1
4.13 log = log510-1 = -1 log510 (iii)

4.14 log2 = log2481/3

= 1/3 1og248 (iii)

= 1/3 log2 (16 3)

= 1/3(log.216 + 1og23) (i)

= 1/3 4 + 1/3 1og21-

= 4/3 + 1/3 1og23.

Exercise Set 7

Express each given logarithm as a sum product, or multiple
of logarithms and,simplify when possible.

1. log327x
3 22.__1gr 3. log/ 647

3
4. 1og105000 5. log100.0003 6. log5 Tys.

'5. Application of Logarithms-, Solving Exponential Equations.

To solve an equation coatakning-aft-unkfrown exponent, com-
moh-logarithms or natural logarithms are/employed. In
this-way, the calculator can be used to evaluate the
logarithms of numbers..

ft

9G
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Examples.

5.1 Solve the equation 6
x-4

= 13
2x

.

Step 1. Take the common logarithm of both
sides.

log 6
x-4 = log 13

2x

Step 2. By the property of logarithms

0
Step

(x-4)log 6 = 2xlog 13

3. Solving the equation from step 2 for
x,

Step 4.

and

= 4loq 6

4l0 6
x log 6 - :log 13

Evaluating the logarithmic expressions,

x =
.7781

5.2 Solve -the Iequation

4.

41,

(.1782)
- 2(1.114) or

55 = e
0.08t

x = -2.147.

Step 1. Take the natural logaiithm of both
sides.

In 55 = in e0.08t

Step 2.
0 08t

Since in(e = 0.08ti

ln 55= 0.08t and t

Step 3 Eva uatinq 1n15.5. to
hundredth),

In 55
at

ho_4....00__Cnearest

4.01
t = 0.07 =

57.29.

9"
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Exercise Set 8

SolVe the given -exponential equation.

1. 3x = 3 2. 423E+5 = 75

3. 10
4x-2 = 6

3x 4. 75 = 31.e
-0.50t

If the relationship between x and y in the exponential
function y = bx is reversed, that is, the value of the
exponent logaiithm function is formed. In general,
whenever y = bx, the logarithm function is x = loqby.

Since a functional relationship between two quantities is

Independent -of-the---var-iables -used to-represent-them-i
the x and y are interchanged so that the 41eneral form
of the logarithmic function is y = logbx. -

k solution of the equation y = logbx is an ordered pair
(x,y) which satisfies the equation. The equation y = log2x
has solutions t1/4, -2), (1,0), (2,1), and_464,6).

The graph of a logarithmic function, Like that of the ex:
ponential function, is of two forms depending upon the

base b. These forms appear in Figure 7 3.

Figure 7.3.

logbx
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Example.

6.1 Plot the,graph y = log3x.

Step 1. Construct a table -f values for
`given values of x.

x40

e

-l.

1/9

1/9

1/3 I 1.13+91

-2

--* Not -defined.-

9

2

Step 2. Graph the solutions derived from the

table in Step 1. Join the points
with a smooth curve.

Figure 7.4

Exercise Set 9 ,

Sketch the graph of each function.

2. If.= log2x

99

3.- y = Iog ox
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ANSWERS TO EX RCISES

Set 1 (Page 2)

yes, y = 3x

C. yes, y = 2x 5

2. b. c. e. f.

4. yes''

Set 2Q(Page 4)

CHAPTER ONE

b. yes, y = 2x + 2

d. no
3.-ua

')
5. yeses

1. a. (5,-3) b. (i,-7)

c. (0.6,-6.6) d. (,16)

2. (0,-1)/(5,14),(-3,-10),(-
1
' 0),(4.6,12.8)3

3. answer's:I-va-LT 4. 10

Set 3 (Page, 6)

1.

3. Q$S

2. Ay

100

X



. a.
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c.'

-

b.

a.

0

d.



Set 5 (Page 13)

1. 0. 5

d. 3

Set (Pa e 16)

1
1. a. 3

-
d.

120

2.-yes

5
6. -

Set 7 (page 19)

L. a. 2x - 15y = -59

c. x = -4

2. a. 3x - y= 5

c. 4x - 4; 13

4

3

4. no

c. -3

5. ye-s

b. y = -3
4
x

d. y = 5

b. y = -5

d. 57x + 101, = 91.5

3. a.6x + y = -5 b. x + 3y = 21

c. x - y = 0 d. y = 0

4. a. m = 5
b = -10

b. m = -1
b = 0

c. m = 0 d. m = r
b = -S. &r b = -k

5
m = 0 f. m -1

b = 0

S. 3x - y = 0 6.. 2x,+ 5y = 25

7. + ay = 0

102 a
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Set 8 (Page 21)
1 in1. L 2 oz W-+ 6 in

Set 1 (Page 25)

1. a.

-97-

CHAPTER TWO

4

c. d.

b.

e. f.:

9-

24 a. 17.364°

h.

b..5°30'0"

3. a. 91'3419*

d. 3°37'25"

b. 16°28'55"

e. 41°43'40"

c. 47°21'36

c. 73°20'



get 2 (Page 26)

s
1. a.

6
-

1
d. Fr rev

-98-

b. 6732°

e. b.785

g.'288° h. 179.909°

Set 3 (Page 29)

1. a. 0.707

d. 2.000

g. 0

b. 0.707

e. -0.577

h. 32.966

c.
1
IK rev

f. 94.248

c. 0.268

f. -1.540

i. -1.414

2. a. 30°, 150° b. 69.757°, 290.243° c. 273.735°,
9.4m735°

-3
izi3. sin e = 4

/7- cos 8 = -T tan - --- csc 9 =
4/7

3 7

4 -3/7
sec -e -3 cot e --7-

Set 4 (Page 30)

1. a = 3 m 2. b = 15 an 3. B= 60°

B =53.1300
A = 53.1300. b IL- 1.732 km

c = 2 km
B = 36.8700 4

A = 36.8700

4. B = 5. A = 63° 6. 18.402°

a = 1.000 am b = 199 mm

c 1.414 cm
c = 438.mm

Set 5 (Page-33)

1. i

4. 240

7. 250s , 125w,.62.5w

.' 6.429, 0.673

2. 17

5._6_241

8. a. 410

3. 225s

6.. 9.544

b. $33.63
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Set 6 (Page 37 )/ 1. a. 5 b. 1 c. g__ d. 4 e. f

Set 7 (Page 40 )

1. a. <0.61, 6.97>

2..a. <13, 4>
GOE

b. 012.78, 4.65> c. <0.57, 0.10>

b. <22,,8> c. <25, 12>

3. Car, 218.6641- 4. 180°, 99.419 cmfsec

-5. A =' <- 45.963, 38.567>, B = <28.925, 34.472>, 73.039

Set (Page 41)

1. a. <3.00; 5.20> b.

d. <54.64, -65.11> e.

2. a. (12.37, 108.52°) b.

_.. Set 1 (Page 44

1.-

<7.07, 7.07>

<67.00, 0.00;

606.22')

\-
(12.05, 201.67°) c. (144.84,

CHAPTER THREE

(-2,3)

59.30°)

inconsistent



3.

Set 2 (F age 46

4.

1. (1,2) 2. (-5,-1)

4. Dependent
(260 70--)
lrn 27

O

Set- 3 (Page 47 )

1. (0,-2) 12. (I1i1)

-4_

Set 4 ,(Page 49 )

. a. 3 b. c.

2. a. (25,15)

2,TT km/min

7
4. km/min (river);

Set 5 (Page 52

1. (1,1,,-2)

Set 6 (Page 54 )

1. (1,2,3)

9' 7b. (3,IT) c. (2- 3)' _

4. (14,16)

-d. 56-

d.
-aistent

4

13 1
rg, km/min (speedboat); - km/min (barge)

el

-2. (-3,54,10)

2. (3,2,0)

...""



Set 7 tPage 55)
1. (2,0,2)

Set 1 (Page 57)
.1.. a.

o

2; (1,2,3)
, .

,

CHAPTER -FOUR

b.

o 4'

c.

0

6

Set 2 (Page *601

a. -2, 5

2. a. 5,0

Set 3 (Page 65b)

1. a. 0,-4

b. 2. 4
4

b. -2,2

b. 2,0

7 1b. -7.,
.3 2

c. -2, 2

ro.3. a. 1 b. r;

=#1 5. 2.064, sec

0.165 sires 2.184 sec

, 1c. -4

-

a
7-

Z-.466 sea
----

II



'.7. a. 7.068 cm*

Set 1 (Page -68)

1-. imaginary (pure) b. imaginary

e. real d. real

e. imaginary F f. real

g. imaginary (pure) h. real.

b. 10.91 cm

CHAPTER FIVE

2. a. 0 +10j

Set 2 page 70)

1. 3.7 - 8j

3. 10

5.-1

10.
7

24.

Set 3 (Page 71)

1. tj 2. 3

b.^ 3 - 6j c. 5 + /;..j

2. -3 + 7j

4. 27 + 14j

6. -2 - 3.

8 °7 -

(
.

i j , 3. 4 ±0.3ja. 4. ± -
1
3

\ 3
.

-K.,

.. .
0 #, ,

7. $
A

. 4

.Set 1 APage 73)

2;
x # 0

dr

CHAPTER SIX -

2 74-ri x 1 0,

;
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Set 2 (Page 75)

1
3x(x - 3) .

.

23.

Set 3 (Page 77)

4.
Z2 - Z1
Z1 + Z2

Set.4 (Page 80)

2.

0 \
-3T(T + 1) \2. 3T + 4 \
x(x + 2)4' 3(2x - 1)

R
2
R3 + R

1
R3 + R

1
R2

R1 R
2

R3

63x - 6x2 '+
6 5x2 -

144x
.

19t +
2(x + 1)(x - 1.

t - 83. 't - 4

b. 6.
r r

2 ,3

`-V2 7r3- 7:r7F1 -F3-7r7F7F7r1 2
9000

. c. mms

.3* ir

Set 1 (Page 82)

..1. a., A ky. 125

e.: 1024 f. 1

2 9
C. -3

r1 r2b. (r2 2r1

4500d. ohms

+ 5)

C. 271 cycle/sec a

CHAPTER SEVEN

c. 10;000 d. 0.027
1 81

_
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2. a. 102 b. 42, 'c. 62 d. (-)
2

7

e. (0.2)3 f. 104 ., (100)2

Set 2 (Page 84)
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-Addition
complex numbers, 69
rational expressions, 75
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INDEX

VW 1411r, 35, 38
Adjacent side,
Angle, 22

central, 31
negative, 22
positive, 22

Angular velocity, 32

Area of a Circular Sector, 32
. Average velocity; 32
Axes, coordinate, 4

Cofactor, 52
..m.. n- logarithm, 88
Completing the square, 61
CoOplex numbers, 67t
Complex roots, 71 .

Components of vecotrs, 38
_Conversion of units, 25
Coordinates, 4
Cosecant, 2-6
Cosine, 26
Cotangent, 26
Cramers rule, 48, 52, 53

Degree,-22
Delta notation, 14
Dependent system, 44, 46, 49

4 Determinant,
second order, 48
third order, 52

Direct variation, 20
Direction of vector, 32, 36
Discriminant, 71
Distance between pOints, le
Distance formula, 12
Division,

comOlex numbers, 69
rational expressions, 73
°

e, 88
Elimination by add/subt 51

Equations,.
exponential, 90
graphical solutions, 60
involving fractioris, 77

° linear, 3
quadratic, 56

roots of, 58
systems of linear, 42, 50
trigonometric, 29

Exponential equations, 90
Exponential function, 86
Exponents, 82, 84

laws, 83

Factor, J73
Formula
quadratic, 63

Fractions,
fundaiental principal, 72
loweit terms, 72

Functions, 1
exponential, 86

logarithmic, 92
quadratic, 56
trigonometric, 26
'zeros, 58

Graph
exponential function, 86
linear function, 6
logarithmic function, 6
quadratic -function, 56, 60
ordered pair, 4

Hypotenuse, 12

Imaginary numbers, 67
Inconsistent systems, 44, 46, 49

Initial point of .a vector, 35

Initial side of angle, 22

Least common denominator, 5

Length of arc, 31
Linear equation(s), 3

system of, 42
Linear function, 1
Linear velocity, 32
Logarithmic function, 92
Logarithms, 88

common ,- 88
natural r-$$
properties, 89

Magnitude of Vector, 32, 38
Minor, 52
Minute (angular measure), 22



Multiplication, _
complex numbers, 69
rational expressions, 73

Natural logarithm, 88
Negative angle, 22
Number,

. oomplex, 67_
imaginary, 67
real,_68

Parallel lines, 15
Parallelogram method, 36
Perpendicular lineti 15
Point-slope form,o,11,1ine, 17
Polynomial, 72
Positive angle, 21,
Power, 82
Principal root, 68
Product,

complex numbers, 69
rational expressions, 74

Pythagorean theorem, 12

QUadrant, 4
.Quadratic equation, 60
Quadratic formula, 63 '
Quadratic function, SA
Quotient,
complex numbers, 69
rational evressions, 74

Radian, 22
Radius vector, 26
Rational
Rectangula
Recipro
ralati
Resulta
Revolution, 22

`:Moots of quadratic e uationit-58

48
coo

trigo
nate -system,

is

-
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-

Scalar; -39
Soca*. 46,

nd (angularineisure), 22
Sind, 26
Slope of a line, 11, 14
Slope-intercept form of 1ine, 18
Slope-point form of. line, ;7,
Solution(s), -

exponential 3qUation4
linear equation, 3 .

logatithmip equation, 92
--quadratic equation, 60,-61, 71

systemhof equations, 42, 45, 47
of a right triangle, 29

Square, completing the, 61
Standard, completing the, 61
Standard: position of angle, 22
Straight line, 7
Stibittitution, elimination, 47--
Substraction,
complex numbers,\ 6R
rational expressions, 75

Sum,
complex-numbers, \694----
rational expressionii 75
vectors, 36, 39

System,
dependent, 44, 46, 49
inconsistent, 44, 46, 49
linear equations, 42'4 50

Tangent, 26
Terminal point of vector, 35
Terminal side of angle, 22
Triangle-method, 36
Trigonometric functions, 26
Two-point forin of line, 17

Units of angular measure, 22

Vector, 35
Vectpr quantity, 35
Velobity* angular, 32
Vertex of angle, 22,

------X---ddMponent, 38

1-component, 38
Y-intercept, 18

Zero- exponent, 84
-Zero of function, 58


